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Abstract

Cosmic rays are highly energetic charged particles accelerated in the cosmos. When interacting
with nuclei from Earth’s atmosphere, cosmic rays start a cascade of particles called an extensive
air shower. Muons in these air showers are predominantly created by decaying pions or kaons,
they are called conventional muons. Heavier, short-lived mesons produce the prompt component
of the muon flux. Prompt muons follow the cosmic ray energy spectrum, whereas conventional
muons have a steeper spectrum. So far, the prompt component has never been significantly
verified to exist in experiments and this thesis aims to provide a concept to change that. A
method to distinguish the prompt component in the air shower simulation software CORSIKA7
is developed. Consistent spectra compared to numerical solutions of the cascade equations
via MCEq are reported. The open source python package PANAMA is developed, providing
modern utilities forCORSIKA7, including its parallel execution, prompt-tagging and weighting
with modern cosmic ray flux models. Using PANAMA, properties and definitions of the prompt
component of the muon flux are explored. The proposed analysis is applied to a toy Monte
Carlo study for the IceCube detector, located deep inside the glacier ice at the South Pole in
Antarctica. The Monte Carlo study with ten years of IceCube data results in a 5𝜎 discovery
potential of (3.24 ± 0.13) % of the prompt muon flux predicted by the hadronic interaction
model SIBYLL2.3d.

Kurzfassung

Kosmische Strahlung besteht aus hochenergetischen geladenen Teilchen, die im Kosmos beschle-
unigt werden. Bei der Wechselwirkung mit Atomkernen der Atmosphäre lösen kosmische
Strahlen eine Kaskade von Teilchen aus, die als Luftschauer bezeichnet wird. Die Myonen
in diesen Luftschauern werden überwiegend durch zerfallende Pionen und Kaonen erzeugt,
die zum konventionellen Myonfluss beitragen. Schwerere Mesonen wie die 𝐷-Mesonen tra-
gen durch ihre Kurzlebigkeit zur prompten Komponente des Myonflusses bei. Prompte My-
onen folgen dem Energiespektrum der kosmischen Strahlung, während konventionelle My-
onen ein steileres Spektrum aufweisen. Bislang wurde die prompte Komponente in Experi-
menten noch nicht signifikant nachgewiesen. Diese Arbeit schlägt eine Analyse zu diesem
Zweck vor. Dazu wird eine Methode zur Identifizierung der prompten Komponente in der
Luftschauer-Simulationssoftware CORSIKA7 entwickelt und übereinstimmende Spektren mit
numerischen Lösungen der Kaskadengleichungenmittels MCEqwerden präsentiert. Das quellof-
fene python-Paket PANAMA wird entwickelt, das eine Schnittstelle zu CORSIKA7 darstellt.
Diese beinhaltet die parallele Ausführung, das Identifizieren der prompten Myonen, sowie die
Gewichtung mit modernen Modellen für das Primärteilchenspektrum. Mit PANAMA werden
Eigenschaften und Definitionen der prompten Komponente des Myonenflusses untersucht. Die
vorgeschlagene Analyse wird als eine Test-Monte-Carlo-Studie für das IceCube-Observatorium
ausgeführt. Die Monte-Carlo-Studie für 10 Jahre IceCube-Laufzeit verspricht ein 5𝜎 Entdeck-
ungspotential von (3.24 ± 0.13) % des prompten Flusses, der vom hadronischem Interaktions-
modell SIBYLL2.3d vorhergesagt wird.
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1 Introduction

Astroparticle physics studies particles of astrophysical origin, how they are produced and what
they teach about the cosmos. Victor Hess pioneered the field in 1912, when he discovered that
the natural radiation, which was then believed to originate only from unstable elements inside
the earth, rises on balloon flights with higher altitude. The radiation must therefore come from
outer space — he discovered Cosmic Rays (CRs) [Hes12]. For that he was awarded the Nobel
Prize in 1936.

Since Hess’ discovery of cosmic rays, the field of astroparticle physics underwent massive
progress, especially in the last decades. With IceCube’s discovery of astrophysical neutrinos in
2013 [IC13] and the discovery of gravitational waves by the LIGO and VIRGO experiments in
2015 [LIG16] the era of multimessenger astronomy arrived. Humankind is able to observe the
universe for the first time without relying on electromagnetic radiation. At last, we start seeing
a more complete picture of the most extreme processes in the universe.

The precise origin of CRs themselves remains an open question in current research [Alv+19].
At the highest energies, cosmic rays are so rare that they require tremendous detector areas
to observe even a few of them in years. For example, the Pierre Auger Observatory with its
≈3000 km2 observed only 2600 CRs above 32EeV in 17 years [PA22]. Such detector areas are
unfeasible to construct in space. Thus, CR-detectors for the highest energies rely on secondary
detection of CRs through particle cascades inside Earth’s atmosphere.

The complex interactions inside these CR-induced extensive air showers (EASs) need to be
understood to interpret the data from a CR observatory. Recently, evidence of systematic
underestimation of the number of muons in EAS simulations accumulate — this is known as the
muon puzzle [Alb+22]. The muon itself is a source of mysteries for particle physicists [MG23;
Aoy+20], over eight decades after its unexpected discovery in cosmic radiation [NA37]. The
muon puzzle demonstrates the complicated interplay of particle- and astrophysics: To simulate
air showers, particle-collisions in Earth’s atmospheremust be understood throughmeasurements
of particle-collisions in accelerator experiments. The muon puzzle is expected to originate from
the parameter space unprobed by current accelerator experiments such as the Large Hadron
Collider (LHC) at CERN. Accelerator data shows that most of these muons come from the
decay of pions and kaons. At very high energies above 1 PeV muons from decays of other,
heavier mesons like charmed or unflavored mesons are expected to dominate, they are called
prompt muons. These charmed and unflavored mesons are only observed inside accelerators
experiments, so far. The discovery of the prompt component of the muon flux would prove
their existence inside EAS. To this day, no significant discovery of a prompt component has
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1 Introduction

been reported. To change this, this thesis develops a method for an analysis with the world’s
largest detector IceCube.

The IceCube neutrino observatory displayed in Figure 1.1 was primarily built to detect astro-
physical neutrinos, as the name suggests. Located deep inside the antarctic glacier, IceCube
successfully achieved its objective: It detected astrophysical neutrinos [IC13], resolved two
neutrino point sources [IC18; MM18; IC22] and recently measured neutrinos from our home
galaxy [IC23a]. IceCube effectively started the era of neutrino astronomy. But most measured
events by IceCube are not neutrino induced. Most of the events are atmospheric muons. High
energy muons can penetrate the 1.5 km of ice and reach the 1 km3 volume, which is instru-
mented with 5160 Digital Optical Modules (DOMs) [IC17]. A DOM contains a photomultiplier,
which measures Cherenkov light from energy losses of the particles inside the detector. Hence,
IceCube is also very suited as a high energy muon detector.

50 m

1450 m

2450 m
2820 m

Eiffel Tower
324 m

IceCube Lab

Bedrock

IceCube In-Ice Array
86 strings incl. DeepCore
5160 optical sensor
DeepCore
8 strings lower 𝐸𝜈
480 + 420 optical sensor
7 standard central strings

𝑥

𝑦

𝑧 𝜇

𝜑

𝜃

Figure 1.1: The IceCube Neutrino Observatory located deep inside the antarctic glassier ice
at the South Pole is sketched. The typical coordinate system including the zenith angle 𝜃 as
well as the azimuth angle 𝜑 is shown as well. Modified from [Rei20].

This thesis studies a possible method to verify the existence of this prompt component of the
muon flux with the IceCube detector. Chapter 2 explains how muons are created in extensive air
showers. Chapter 3 establishes how prompt muons can be differentiated from other muons in
the current Monte Carlo (MC) EAS simulation software CORSIKA7. Chapter 4 then applies this
method to a potential analysis with IceCube and reports the expected results, before Chapter 5
summarizes the results of this thesis and explains the prospects of the significant discovery of
prompt leptons.
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2 Cosmic Rays and Extensive Air Showers

This chapter explains the physics from Cosmic Rays (CRs) on top of Earth’s atmosphere down
to the conventional and prompt muons they produce in extensive air shower (EAS). This thesis
develops a way to distinguish individual muons in Monte Carlo (MC) simulation as prompt
or conventional. Nevertheless, it is important to understand their predicted behavior from a
theoretical point of view. While MC simulations track individual particles and their interaction,
in theory the central quantity to communicate the abundance of particles is the flux 𝜙, which is
defined as the number 𝑁 of particles passing through an area 𝐴, per time 𝑡, per solid angle 𝛺

𝜙 = d𝑁
d𝐴d𝛺d𝑡

.

It is commonly necessary to treat energies differently, and for that the particle flux is further
expressed differentially in energy 𝐸

𝛷 = d𝑁
d𝐴d𝛺d𝑡 d𝐸

.

2.1 Cosmic Ray Flux Models

Cosmic ray particles are ionized nuclei with high energies — mostly protons (ca. 90 %) but also
alpha particles (ca. 9 %) and heavier particles [GER16, p. 1]. Figure 2.1 shows their measured flux
across 10 orders of magnitude in energy. Ultra high energy cosmic rays are more energetic than
any humanmade accelerated particle. The highest energy cosmic ray ever observed, the so called
Oh-My-God particle, had (320 ± 90)EeV of energy. It was observed by the Fly’s Eye fluorescence
camera in Utah in 1991 [Bir+95]. Their origin and acceleration-mechanism is the driving
question in the field of astroparticle physics and despite large progress in the last decade, these
questions remain only partially answered [Hal22]. While the exact acceleration-mechanisms
remain illusive, models like Fermi acceleration of first and second kind [Fer49; GER16], suggest
a stepwise acceleration mechanism with an energy proportional gain in each acceleration step.
Fermi predicts an exponential acceleration of particles. If a constant probability of leaving
the acceleration process per step is assumed, naturally a power law spectrum for cosmic rays
arises

𝛷N(𝐸N) = 𝑁𝐸−𝛾N ≈ 1.7 × 104 (
𝐸N
GeV

)
−2.7

nucleons
m2 s sr GeV

. (2.1)

The given numbers are taken from [GER16] and agree with the observed data up to 3 PeV to
5 PeV. This is the simplest model for the CR flux and describes the flux in nucleons. This is

3



2 Cosmic Rays and Extensive Air Showers

Figure 2.1: CR flux measurements and the Global Spline Fit (GSF) [Dem+17] over 11 orders of
magnitude in energy is shown. The flux is given differentialy in rigidity to make the different
nuclei comparable. The flux is scaled with the energy to the power of 2.6, to see the fine
features in the flux curve, like the knee, the second knee and the ankle. The labels on the
upper 𝑥-axis show the corresponding center of mass (COM) collision energies, which are the
relevant energies for collider experiments. Taken from [Alb+22].

justified by the superposition model, which describes for example an alpha particle as just four
nucleons1. Due to the power law nature of the CR flux, it is customary to scale the flux with 𝐸𝛾
when plotting it, as in Figure 2.1. This allows to see deviations from the power law and observe
fine features of the spectrum.

Most of the cosmic rays in this energy region are believed to be accelerated by supernova
remnants (SNRs) in our own galaxy. After 3 PeV to 5 PeV the spectral index of the CR flux
changes slightly, a phenomenon named “the knee” of the spectrum. Thunman, Ingelman and
Gondolo introduced a “broken” power-lawmodel of the CR flux, modelling the “knee” [TIG96]

𝛷N(𝐸) = {
1.7 × 104 (𝐸N/GeV)−2.7 for 𝐸 < 5 PeV
174 × 104 (𝐸N/GeV)−3 for 𝐸 > 5 PeV

nucleons
m2 s sr GeV

.

It is assumed that most CRs beyond the knee are accelerated through other mechanisms than
SNRs inside our galaxy. The knee can not only be explained by the maximum energy of SNR
acceleration in the galaxy, but also by less efficient confinement inside the galaxy [Alv+19].
Another primary flux parameterizations modeling the knee is the poly-gonato2 model [Hör03].

1If the difference of the neutron and the proton in hadronic interactions is neglected, it can be described as four
protons.

2Greek for “many knees”.
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2.1 Cosmic Ray Flux Models

Unlike neutrinos or electromagnetic radiation, cosmic rays do not propagate through the cosmos
in straight — to be exact geodesic — lines. They are charged and are thus deflected by electric
and magnetic fields in the cosmos, and are therefore not the optimal messenger to resolve the
emission from a point source. Although recently evidence of a slight anisotropy of CRs above a
certain energy threshold is accumulating [PA07] — probably originating from nearby galaxies
— CRs are highly isotropic.

While electric fields in the cosmos are usually very weak because the net electric charge in the
universe is zero, magnetic fields extend throughout whole galaxies, as in our own, the Milky
Way [GER16; JF12]. The galactic magnetic field is on the order of µG and can therefore bend
the charged cosmic rays. If the gyro radius of a CR is smaller than the size of the magnetic
field, the CR becomes trapped. That is the reason why only the highest energetic cosmic rays
can originate from other galaxies. Below a certain energy threshold, they become trapped
in their source galaxy. To estimate the gyro radius 𝑟g of a relativistic particle with energy

𝐸 = √𝑝2𝑐2 + 𝑚2𝑐4 with the charge 𝑍 ⋅ 𝑒 and mass 𝑚, a homogeneous magnetic field of strength
𝐵 is assumed. The particle moves perpendicular to the magnetic field lines. The equation of
motions can then be reduced to the equality of the centrifugal and magnetic force, since they
are parallel:

𝑝2

𝑚𝑟g
= 𝑍𝑒

𝑝
𝑚
𝐵 ⇒ 𝑟g =

𝑝
𝑍𝑒𝐵

= √𝐸2/𝑐2 − 𝑚2𝑐2

𝑍𝑒𝐵
𝐸≫𝑚𝑐2= 𝐸

𝑍𝑒𝐵𝑐
.

This means that the particle’s properties changing the gyro radius are only given by 𝐸/𝑍. For
this reason the rigidity

𝑅 =
𝑝𝑐
𝑍𝑒

𝐸≫𝑚𝑐2= 𝐸
𝑍𝑒

of a particle, measured in volts, is introduced. It fully determines the strength of deflection in
the magnetic field for a particle. The equation for the gyro radius then reduces to 𝑟g = 𝑅/𝐵𝑐.

The Milky Way has magnetic fields on the order of 3 µG [GER16, p. 187] and a thickness of
roughly 300 pc. Therefore, it traps particles on the magnitude of about 400 PV. If the Milky
Way is somewhat typical in the universe, an extra-galactic component of CRs is expected to
appear on the order of hundreds PeV in energy. They are coming from protons escaping other
galaxies. And indeed, the spectral index rises around EeV — the region is named “the ankle”.

The rigidity argument not only works for confinement of CRs inside the galaxy, but also for
acceleration mechanisms: Iron can be accelerated to 26 times the energy of protons by the same
magnetic field. Therefore, a “second knee” appears somewhere around 26 times the energy of
the first knee — it is also called the “iron knee” [Alv+19]. These rigidity-dependent cutoffs were
first introduced by Peters [Pet61], and they are often referred to as “Peters cycles”.

There are multiple models for the CR flux describing all three features of the spectrum: the
knee, the second knee and the ankle. The first are the Gaisser-Hillas models [Gai12] where the
spectrum of a nucleon 𝑖 has the form

𝛷𝑖 (𝐸) =
3
∑
𝑗=1

𝑁𝑖,𝑗𝐸−𝛾𝑖,𝑗 exp (
𝐸

𝑍𝑖𝑒𝑅𝑐,𝑗
) . (2.2)
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2 Cosmic Rays and Extensive Air Showers

The index 𝑗 enumerates three different populations, a proposal made by Hillas [Hil06]. The three
populations correspond to the features described earlier, population one being of galactic origin
with SNR as the accelerator, population two being a different galactic component (sometimes
called “Component B”) and the third population originating from outside the galaxy. The
cutoffs for the three components depend on the rigidity in the last exponential term and are
parametrized by the cutoff rigidity of the component 𝑅𝑐,𝑗. Each population can have a different
chemical composition and the zoo of elements are boiled down to five components: p, He, the
C, N, O group, the Mg-Si group and Fe. These groups are roughly equidistant in ln(𝐴), since
air shower experiments are sensitive to ln(𝐴) rather than 𝐴. The all-particle spectrum is then
given by summing over the particle groups and the nucleon spectrum is given by

𝛷N(𝐸N) = ∑
𝑖
𝐴𝑖 ⋅ 𝛷𝑖 (𝐴 ⋅ 𝐸N) .

Gaisser’s values for 𝛾𝑖,𝑗, 𝑁𝑖,𝑗 and 𝑅𝑐,𝑗 are based on “eye-ball-fits” to data. Gaisser provides two
different versions. The first is named H3a and has non-zero flux values for all 5 particle groups
in the third population, while in the second version — named H4a — the third population only
consists of protons.

The Global Fit model from Gaisser, Stanev and Tilav (GST)[GST13] has the same form (eq. (2.2))
as the Gaisser-Hillas models. The difference lies in the values of the parameters, how they are
obtained and that an additional sixth particle group beyond iron is introduced. As the name
suggests, the GST Global Fit model uses data from many different CR experiments and fits them
to the three population form. An uncertainty in the energy scale of an experiment results in a
shifted normalization of the spectrum. GST applies a correction to each used experiment’s data
to make them comparable.

The idea to actually use data to fit the CR spectrum is taken one step further by the GSF
model [Dem+17]. It is fitted to data from 11 different experiments from 10GeV to 1 × 1011 GeV
and takes systematic uncertainties into account. Very few theoretical assumptions are used:
only that the fit is performed not in dependence of energy, but the logarithm of rigidity as
a variable and an approximate power law around 𝑅3. It then fits cubic B-splines to the data.
The GSF model also fits the energy scale offset for the different experiments, rather than hand
performing the correction. The B-Splines are freely fitted to four mass-groups of nuclei, where
the dominating nucleus is selected to represent the whole group. But all other nuclei are also
taken into account by restraining them to have the exact same shape as their leading nucleus,
but with a different normalization, which is also fitted. The GSF has the form for each leading
element

𝛷𝑖 (𝐸) = ∑
𝑗
𝑁𝑖,𝑗 ⋅ (𝑅/GV)3 ⋅ 𝐵𝑗 (ln (𝑅/GV)) .

Where 𝐵𝑗 are the cubic splines and 𝑁𝑖,𝑗 the normalization constants. The model is more complex
than the GST model regarding the number of parameters3, which are more than 100. To the
author’s knowledge, the GSF model is the only CR flux model which includes uncertainty

3Private communication with the authors.

6



2.1 Cosmic Ray Flux Models

estimations. The uncertainties are not available to the public so far, since the model is not
publicly released, although the flux values can be accessed through a web interface4.

The four described models are compared in Figure 2.2.

104 105 106 107 108 109 1010 1011
𝐸Nucleus/GeV

1

2

3

4

(𝐸
/G

eV
)3
.0
⋅𝛷

A
llP

ar
tic

le
/(
m

2 s
sr
G
eV

)−
1

×106

GlobalSplineFit (Dembinski)
Global Fit (GST)
Gaisser H3a
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1
Figure 2.2: The all particle flux for four different parameterizations of the primary CR flux is
shown. The spectrum is weighted with 𝐸3 to make the differences visible. All four models are
state of the art and include the knee, second knee and ankle of the CR flux. While H3a, H4a
and GST all are models of the power-law with rigidity-cutoff-type, the GSF consists of splines.
GST and GSF are fitted to data, while H3a and H4a are “eyeball”-fits by Thomas K. Gaisser.

The models all feature a steep cutoff around 50EeV. This is no coincidence, since the so called
Greisen-Zatsepin-Kuz’min (GZK) effect predicts a cutoff in the CR spectrum due to interactions
with the cosmic microwave background (CMB) [Gre66; ZK66]. GZK pointed out that in the
boosted reference frame of an extreme energy proton, the CMB becomes blue shifted to energies
where photo-nuclear interaction can produce a 𝛥 resonance, which decays into a proton and
a pion, effectively decelerating the CR. If this is the case, neutrinos from the decaying pions
at these characteristic energies should be measurable — they are called cosmogenic neutrinos.
It “disappointingly” may also be the case that these neutrinos do not exist, nor that the GZK
cutoff is relevant; the acceleration processes near our galaxy might not be energetic enough to
allow acceleration to the GZK limit [ABG11].

4See www.mpi-hd.mpg.de/personalhomes/hdembins/.
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2 Cosmic Rays and Extensive Air Showers

2.2 Extensive Air Showers

Heitler introduced a simple model for electromagnetic cascades [Hei36]. In the Heitler model a
photon (𝛾) splits its energy in half by 𝑒+𝑒− pair-creation every splitting length 𝜆. The electron
or positron splits its energy after 𝜆 by radiating off a photon. In cascade theory distances are
usually not denoted in length, but in slant depth

𝑋 =

𝑥2

∫
𝑥1

d𝑠 𝜌(𝑟).

Slant depth is measured in mass per area (kg/m2) and it is the governing variable of how much
a particle interacts with the surrounding material, since it needs to pass through less amount of
material to have the same amount of interactions, if the material is denser. In the Heitler model,
the number of particles doubles after each splitting length and the energy distributes equally
among them, so the energy at a slant depth 𝑋 is given by

𝐸(𝑋) =
𝐸0

𝑁(𝑋)
= 𝐸02−𝑋/𝜆.

Where 𝐸0 is the initial energy and 𝑁(𝑋) are the number of particles at a given slant depth.
Here the advantage of the slant depth becomes obvious: it’s not necessary to specify through
which material the electromagnetic cascade travels, the equation is equally valid for air as it is
for water. Likewise, it’s valid for a vertical and a horizontal air shower, which have different
density profiles. The splitting stops after some critical energy 𝐸c ≈ 87MeV, where the particles
do not have enough energy to split any further. Despite its simplicity the Heitler model offers
an intuitive explanation for many relations in an air shower without the need for complex MC
simulations. It is for example obvious that the number of particles are proportional to energy
of the primary particle or that the shower maximum 𝑋max, the point in the shower where the
most particles exist, is only logarithmically dependent on the primaries’ energy.

Matthews extended Heitler’s toy model to cascades initiated by a hadron and obtained equally
useful approximate relations for these EASs [Mat05]. EAS initiated by a cosmic ray have a
greater complexity in the hadronic shower compared to electromagnetic showers: The primary
hadronic particle (most commonly a proton), interacts via the strong force with nuclei in
the air and initiates a cascade with three components. The hadronic components consists
of re-interacting hadrons and feeds the electromagnetic components which originates from
neutral pions in the air shower which decay into two photons. When the hadrons (dominantly
charged pions and kaons) decay, they produce the muonic component. The Heitler-Matthews
model must therefore be more complicated than the simple Heitler model. To follow along the
Heitler-Matthews model is illustrated in Figure 2.3. First, the explanation is restricted to only
proton as the primary particle, before it’s later extended to any kind of nucleus.

The primary proton with energy 𝐸0 interacts with a nucleus in the air which results in the
first spray of particles, which are for simplicity all assumed to be pions in this model. This

8



2.2 Extensive Air Showers
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Figure 2.3: Schematic drawing of the Heitler-Matthews model for extensive air-
showers [Mat05] is presented. The primary particle 𝑝 enters the atmosphere and interacts with
air on average in one interaction length 𝜆int, measured along the shower axis in grammage
𝑋. When the pions reach the region of the critical energy 𝜖, decay starts to dominate over
re-interaction, which happens on average after one decay-length 𝑑. Different particle decays
are shown, and the prompt component is highlighted in orange.

interaction (like all subsequent hadronic interactions by the pions) is assumed to result in 𝑛tot
new particles with the same energy, of which 𝑛ch = 2/3𝑛tot particles are charged pions and 1/3𝑛tot
are neutral pions. These values are obviously approximate and could be fine tuned, but are
useful for the overall argumentation. The total number of produced particles 𝑛prod is usually
assumed to be 15. It is shown that moderate variation in the value does not change the behavior
of the model substantially [Mat05]. The neutral pions instantly decay into 2𝛾 and their energy
is transferred to the electromagnetic cascade. The energy of the hadronic component 𝐸had and
the energy of the electromagnetic component 𝐸EM after 𝑛 generations therefore results in

𝐸had = (2
3
)
𝑛
𝐸0, 𝐸EM = (1 − (2

3
)
𝑛
) 𝐸0.

These equations mean that even after a few generations, most of the energy is carried away
by the electromagnetic part of the shower, for example after 𝑛 = 6, the electromagnetic part
carries 1 − (2/3)6 ≈ 91% of 𝐸0. An important observable for CR experiments is the shower
maximum 𝑋max, which is derived in this model by assuming that it is dominated by the first
electromagnetic cascade. This results in

𝑋had
max = 𝜆 + 𝑋EM

max(𝐸0/(2𝑛tot)) = 𝜆 + 𝑋0 ln (
𝐸0

2𝑛tot𝐸𝑐
) , (2.3)

9



2 Cosmic Rays and Extensive Air Showers

where 𝜆 is the hadronic interaction length and the factor of 2 accounts for the two photons
produced in the pion decay. In the last step, the logarithmic dependency on 𝐸0 of the electro-
magnetic 𝑋max is used, as described at the beginning of this section. After the hadron 𝐻 falls
below some energy threshold 𝜖𝐻, its decay becomes more likely than re-interaction with the
atmosphere and they decay into muons and neutrinos, feeding the muonic part of the EAS.
Since the energy is equally distributed between all particles, this happens after

𝐸 =
𝐸0
𝑛𝑛tot

!= 𝜖𝜋 ⇔ 𝑛 = log𝑛tot (
𝐸0
𝜖𝜋
) = ln (

𝐸0
𝜖𝜋
) /ln 𝑛tot

steps. The number of muons 𝑁𝜇 produced in the air shower with this model is therefore
equivalent to the number of charged hadrons at the critical energy

𝑁𝜇 = (2
3
𝑛tot)

𝑛
= 𝑒𝑛 ln 2/3𝑛tot = (

𝐸0
𝜖𝜋
)
𝛽
, with 𝛽 =

ln 2/3𝑛tot
ln 𝑛tot

. (2.4)

By plugging in reasonable values around 15 for 𝑛tot, 𝛽 ∈ (0.82, 0.9) is estimated [GER16, p. 316].

The obtained equations can be modified to make them valid for primary nuclei consisting of
𝐴 nucleons using the superposition model. Superposition assumes that a shower for example
produced by Iron-56 with energy 𝐸0, behaves like 56 independent proton showers with energy
𝐸0/56. This assumption gains the validity from the fact that strong interactions are flavor-blind,
so there is little difference in the interaction of a proton and a neutron. For the shower-maximum
Equation (2.3) is modified to obtain

𝑋had
max = 𝜆int + 𝑋0 ln (

𝐸0
𝐴2𝑛tot𝜖𝜋

) , (2.5)

and for the muon number

𝑁𝜇 = 𝐴 ⋅ (
𝐸0
𝐴𝜖𝜋

)
𝛽
= 𝐴1−𝛽 (

𝐸0
𝜖𝜋
)
𝛽

(2.6)

is obtained from Equation (2.4).

While these equations may not seem precise, they are important to keep in mind when working
with EAS. They give a first feeling of how a cosmic ray observatory can measure different
quantities, such as the primary composition and what it is sensitive to. When working with
full EAS MC simulations, they provide good approximations for example the runtime, which is
proportional to the number of simulated particles, which in turn is proportional to the primary
energy 𝐸0 according to the Heitler-Matthews model.

The Heitler-Matthews model also does not include Kaons or charmed hadrons, which are
illustrated in Figure 2.3 in orange. TheHeitler-Matthewsmodel can also be extended by including
further details like effects of the leading particles [GEV18] or the effect of all electromagnetic
subshowers, not only the first one [Mon14].
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2.3 The Cascade Equations

2.3 The Cascade Equations

While the previous section dealt with particle cascades in a simplistic model, EAS can be treated
in an analytical way using the cascade equations. They are formulated along the shower axis in
slant depth 𝑋 and treat the shower only one-dimensionally5. The cascade equations are a set of
coupled differential equations relating the particle fluxes 𝛷𝑖 of different particle types 𝑖 with
each other. They are given by [Fed15, p. 7]6

d𝛷𝑖(𝐸, 𝑋)
d𝑋

= −( 1
𝜆𝑖

+ 1
𝑑𝑖
)𝛷𝑖(𝐸, 𝑋) +∑

𝑗

∞

∫
𝐸

d𝐸𝑗 𝛷𝑗(𝐸𝑗, 𝑋 ) ( 1
𝜆𝑗

d𝑁𝑗+air→𝑖

d𝐸
+ 1
𝑑𝑗

d𝑁𝑗→𝑖

d𝐸
) . (2.7)

The first “sink”-term accounts for decay of particle 𝑖 in the decay length 𝑑𝑖 and interaction with
the atmosphere in interaction length 𝜆𝑖. On its own the term would produce an exponential
absorption form for the flux. The second term is the “source”-term and sums over all possible
particle types 𝑗, which can either interact with the air to produce particle type 𝑖 (accounted for
by 𝑁𝑗+air→𝑖), or can decay to particle type 𝑖 (accounted for by 𝑁𝑗→𝑖). Since the interaction length
in meter is anti-proportional to the density, the interaction length in grammage (kg/m2)

𝜆𝑖 =
𝑚
𝜎air𝑖

has no dependency to the density of the atmosphere; it cancelled out. The mean mass of the
target nuclei 𝑚 in the air can be expressed by 𝑚 = 𝐴𝑚𝑝 with 𝐴 being the mean number of
nucleons of the target and 𝑚𝑝 the mass of the proton. The cross section of the particle with air
𝜎air𝑖 has to be obtained by complex Quantum Chromo Dynamics (QCD)-calculations, numerical
simulations or measurements. The decay length in meter is independent of the density 𝜌, which
results in density dependency when expressed in kg/m2

𝑑𝑖 = 𝜌𝛾𝑐𝜏𝑖 = 𝜌𝜏𝑖
𝐸
𝑚𝑐

. (2.8)

Where 𝛾 is the Lorentz factor of the particle and 𝜏𝑖 is its lifetime.

Given that there are not only a few, but at least a dozen particles that play a substantial role
and the PDG lists hundreds of particles [PDG22], these equations are not easy to solve. The
starting conditions 𝛷𝑖(𝐸, 𝑋 = 0) = 𝛷𝑖(𝐸) for the cascade equations are given by the cosmic ray
flux models from Section 2.1. In the given form the cascade equations do not account for energy
losses to the atmosphere, which can be introduced by a term ∂𝐸 (𝜇(𝐸)𝛷𝑖(𝐸, 𝑋)).

Approximate analytical solutions to the cascade equations are derived through the spectrum
weighted 𝑍-moment method. The equations can be fully solved numerically by the python
package MCEq [Fed+15].

5They can be extended to two and even three dimensions, although the solution becomes even more compli-
cated [KFK23].

6Some different forms of the cascade equations exists. For example in the book of Gaisser, Engel and Resconi the
form differs and some terms are neglected [GEV18, p. 107].
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2 Cosmic Rays and Extensive Air Showers

Consider the cascade equations eq. (2.7) for one particle type, the proton. Then the decay terms
vanish, since protons do not decay7 and left are only the interaction terms in the sink and the
source, since protons can produce more protons when interacting in the atmosphere. Still,
to be able to solve the equations three further assumptions are needed, which are referred
to as Approximation A. The first one is, that the particle production term obeys Feynman
scaling[Fey69]

d𝑁𝑗+air→𝑖(𝐸𝑖, 𝐸𝑗)
d𝐸𝑖

= 1
𝐸𝑗

d𝑁𝑗+air→𝑖(𝑥)
d𝑥

.

Where 𝑥 = 𝐸𝑖/𝐸𝑗 is the Feynman-𝑥, which is the ratio of the incoming to the outgoing particle
energy, and thus has 0 < 𝑥 < 1. This means that the production spectrum is independent of
the energy at which it occurs, as long as the ratio of the incoming and outgoing energies are
the same. The second assumption is, that the interaction length 𝜆𝑝 is independent of energy,
which is only true approximately. The third assumption is, that the energy dependency and the
𝑋-dependency factorize in the solution with a power law for energy

𝛷p = 𝐴(𝑋)𝐸−𝛾.

With these approximations the cascade equations for protons reduce to

d𝛷p(𝐸p, 𝑋 )
d𝑋

= − 1
𝜆p

𝛷p(𝐸p, 𝑋 ) +
∞

∫
𝐸p

d𝐸′p 𝛷p(𝐸′p, 𝑋 ) 1
𝜆p

d𝑁p+air→p

d𝐸p

=
𝛷p(𝐸p, 𝑋 )

𝜆p
(−1 +

1

∫
0

d𝑥 𝑥𝛾−1
d𝑁p+air→p(𝑥)

d𝑥
)

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑍pp−1

.
(2.9)

All three assumptions are used in the last step. The integral in the last step is called the spectrum
weighted 𝑍-moment, and it is similarly defined for all processes 𝑗 + air → 𝑖 and is then labeled
𝑍𝑖𝑗. By introducing the attenuation length

𝛬𝑖 =
𝜆𝑖

1 − 𝑍𝑖𝑖
(2.10)

the solution to Equation (2.9) then becomes

𝛷p(𝐸, 𝑋) = 𝐸−𝛾𝑒−𝑋/𝛬p𝛷p(𝐸 = 𝐸0, 𝑋 = 0).

Modern theory papers calculating inclusive lepton fluxes use a semi-analytical treatment, where
they lower the assumptions needed in Approximation A: The only remaining assumption is the
factorization of the 𝑋 and 𝐸 dependency in the solutions and not necessarily with a power-law.

7For sure at least on time scales relevant to EAS.
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2.4 The Muon Flux

The basic idea is to perform the same rearranging as done in Equation (2.9), without using any
assumptions from Approximation A. For that dependent 𝑍-moment

𝑍𝑗𝑖(𝐸𝑖) =
∞

∫
𝐸𝑖

d𝐸𝑗
𝛷𝑗(𝐸𝑗, 𝑋 )
𝛷𝑗(𝐸𝑖, 𝑋 )

𝜆𝑗(𝐸𝑖)
𝜆𝑗(𝐸𝑗)

d𝑁𝑗+air→𝑖

d𝐸𝑗
=

1

∫
0

d𝑥 𝑥𝛾 (𝐸𝑗)−1
d𝑁𝑗+air→𝑖(𝑥, 𝐸𝑗)

d𝑥
(2.11)

is introduced. The first step allows pulling out the factor of 𝛷𝑗(𝐸𝑖)/𝜆𝑗(𝐸𝑖) as in Equation (2.9)
without any assumptions. The second step rewrites it in the scaling form (without assuming
Feynman-scaling) and only relies on the assumption that the energy dependency factorizes.
The energy dependent power law slope can be defined for any flux 𝛷 (not only power laws)
as

𝛾 (𝐸) = −𝐸
𝛷
d𝛷
d𝐸

.

By similarly introducing a spectrum weighted decay moment

𝑍 𝑑
𝑗𝑖(𝐸𝑖) =

∞

∫
𝐸𝑖

d𝐸𝑗
𝛷𝑗(𝐸𝑗, 𝑋 )
𝛷𝑗(𝐸𝑖, 𝑋 )

𝑑𝑗(𝐸𝑖)
𝑑𝑗(𝐸𝑗)

d𝑁𝑗→𝑖

d𝐸𝑗
(2.12)

which is proportional to the branching ratio ℬ𝑖→𝑗
8 the cascade equations are rewritten as

d𝛷𝑖(𝐸, 𝑋)
d𝑋

= −( 1
𝜆𝑖

+ 1
𝑑𝑖
)𝛷𝑖(𝐸, 𝑋) +∑

𝑗
(
𝑍𝑗𝑖
𝜆𝑗

+
𝑍 𝑑
𝑗𝑖

𝑑𝑗
)𝛷𝑗(𝐸, 𝑋). (2.13)

Here, the energy dependency of the 𝑍-moments as well as the decay and interaction length are
implicit. Approximation A is restored, if the energy dependency in the 𝑍-moments is neglected.
In Approximation A the difference of the interaction moments 𝑍 and decay moments 𝑍 𝑑 is only
that the power law over which is integrated has a spectral index, which is larger by one.

This treatment was pioneered by Reference [TIG96] and is the standard for theoretical analytical
calculations of lepton fluxes. In calculations of the charmed component of lepton fluxes, this
energy dependent 𝑍-moment method is used [GMS15; Bha+15; Bai+22].

2.4 The Muon Flux

Before solving the cascade equations for lepton fluxes, the word “prompt” from the title of this
thesis should be properly defined, since lepton fluxes in particle astrophysics are usually divided
into a prompt and conventional component. While different definitions of “prompt” are explored
in greater detail in Section 3.2.2, here the conventional part of lepton fluxes is defined as all
leptons coming from pion or kaon decays, and all leptons with a different origin are prompt.

8This is worth mentioning, since this dependency is sometimes explicitly factored out in literature.
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2 Cosmic Rays and Extensive Air Showers

To obtain the muon flux with the 𝑍-moment method, the cascade equations eq. (2.13) are solved
by including the following terms: A primary nucleon flux (without decay) and the regeneration
term, hadron fluxes with the decay, interaction and regeneration term as well as the source
term from nucleon-air interaction and finally the lepton flux term with only the source term
from hadron decay. The set of equations which need to be solved for that is

d𝛷N
d𝑋

= − 1
𝜆N

𝛷N +
𝑍NN
𝜆N

𝛷N,

d𝛷𝐻
d𝑋

= − ( 1
𝜆𝐻

−
𝑍𝐻𝐻
𝜆𝐻

+ 1
𝑑𝐻

)𝛷𝐻 +
𝑍N𝐻
𝜆N

𝛷N,

d𝛷𝐿
d𝑋

=∑
𝐻

𝑍 𝑑
𝐻𝐿
𝑑𝐻

𝛷𝐻 .

A proper derivation and discussion of the solution is presented in Appendix A.1, here only the
solutions are given. The exact solution to the nucleon flux is

𝛷N(𝐸, 𝑋) = 𝛷N(𝐸, 𝑋=0)𝑒−𝑋/𝛬N .

Where the starting condition is the cosmic ray nucleon flux 𝛷N(𝐸) = 𝛷N(𝐸, 𝑋 = 0) obtained
by a primary flux model from Section 2.1. The hadron equation depends on 𝑑𝐻, which is by
Equation (2.8) dependent on the density and thus the slant depth 𝑋. For this, the density of
earth’s atmosphere at a given slant depth 𝜌(𝑋) must be known. The relation is obtained from
the definition of the slant depth

𝑋 =
∞

∫
𝑙

d𝑙′𝜌 (ℎ(𝑙′)) =
∞

∫
ℎ

dℎ′𝜌 (ℎ′)
d𝑙(ℎ′)
dℎ′

.

The first integral is performed in terms of the length along the shower-axis and the second
integral is performed in terms of the height above earth’s ground ℎ, which is the natural variable
for the density.

This integral is not analytically solvable even in the case of a simple isothermal atmosphere,
with an exponential density dependency. In the flat-earth approximation 𝑟 → ∞ 9, the solution
is

𝑋 = 1
cos 𝜃

∞

∫
ℎ

dℎ′𝜌 (ℎ′) =
𝑋𝑣
cos 𝜃

. (2.14)

Restricting the solution to the simplest case of an isothermal atmosphere and making use of
the ideal gas law, the vertical slant-depth 𝑋𝑣 (zenith angle 𝜃 = 0) then has the well-known
exponential form of the barometric formula

𝜌 = 𝜌0𝑒−ℎ/ℎ0 ⇒ 𝑋𝑣 = 𝑋0𝑒−ℎ/ℎ0 .
9This is not to be confused with the flat-earth conspiracy fairy tale.
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𝑝

ℎ

𝑟

𝑙
𝑎

𝑏

𝜃∗

𝜃⋅

Figure 2.4: The geometry of the spherical atmosphere of Earth is outlined. Through the
orange triangle the relation between 𝜃 and 𝜃∗ as well as the height ℎ in dependence of the
traveled length 𝑙, ℎ(𝑙) is obtained.

With typical values of ℎ0 = 𝑅𝑇/𝑀𝑔 = 6.5 km and 𝑋0 = 10 300 kg/m2[GER16, p. 121]. The
wanted relation between the slant depth and the density is thus

𝜌 = −
d𝑋𝑣
dℎ

=
𝑋𝑣
ℎ0

=

1/𝑓 (𝜃,ℎ)
⏞𝑋𝑣
𝑋

𝑋
ℎ0

.

The Chapman function 𝑓 (𝜃, ℎ)10 is introduced, which encodes the zenith dependency and has
no analytical expression, although many approximations exist [RD]. For low zenith angles
and in the flat earth approximation by comparing it to Equation (2.14) it is just 𝑓 (𝜃) = 1/ cos 𝜃.
Often, an ad-hoc approximation is obtained by ignoring the height dependency of 𝜃∗ in during
integration, which results in 𝑓 (𝜃, ℎ) = 1/ cos 𝜃∗.

Equation (2.8) can thus be expressed in terms of 𝑋 by

𝑑𝐻 =
𝐸𝑋𝜏𝐻

𝑚𝐻𝑐ℎ0𝑓 (𝜃, ℎ)
= 𝐸𝑋

𝑓 (𝜃, ℎ)𝜖𝐻

where the decay constant 𝜖𝐻 = ℎ0𝑚𝐻𝑐/𝜏𝐻11 was introduced. Assuming a typical interaction
depth of 𝑋 = 𝜆𝐻, the decay constant marks the energy at which the interaction term 1/𝜆𝐻
starts dominating over the decay term 1/𝑑𝐻 for a vertical shower. The critical energy is listed
for multiple hadrons in Table 2.1.

The exact solution to the hadron flux is

𝛷𝐻 (𝐸, 𝑋) = 𝑒−𝑋/𝛬𝐻
𝑍N𝐻
𝜆N

𝛷N(𝐸)
𝑋 ⋅ 𝛾 ( 𝜖𝐻𝑓𝐸 + 1, 𝑋

𝛬N
− 𝑋

𝛬𝐻
)

( 𝑋
𝛬N

− 𝑋
𝛬𝐻

)
1+𝜖𝐻𝑓 (𝜃,ℎ)/𝐸

. (2.15)

10It is commonly called so in geo- and atmospheric physics.
11ℎ0 is also linear to the absolute temperature of the atmosphere. This gives rise to seasonal variations.
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2 Cosmic Rays and Extensive Air Showers

Table 2.1: The critical energies below which decay becomes dominant over interaction for
different particles in an air shower are tabulated. The particles below 𝐾± are contributing to
the prompt component and the last one is an example for an unflavored particle, which also
contributes to the prompt component.

𝐻 𝜖𝐻/GeV

𝜇± 1
𝜋± 115
𝐾± 850
𝐷± 3.7 × 107

𝐷0 9.9 × 107

𝐷𝑠 8.4 × 107

𝛬𝑐 2.4 × 108

𝜔(782) 2.2 × 1017

𝛾 (𝑠, 𝑡) is the incomplete gamma function. The derivation is found in Appendix A.1. No reference
to existing literature can be provided here, since the hadron flux solutions are only provided
in approximation in all found literature. These high- and low energy approximations are of
utmost importance to understand the prompt and conventional parts of the lepton spectra.

In the high energy limit 𝐸 ≫ 𝜖𝐻𝑓 (𝜃, ℎ) 12, the solution behaves like

𝛷high
𝐻 (𝐸, 𝑋) = 𝛷N(𝐸)

𝑍N𝐻
1 − 𝑍NN

𝛬𝐻
𝛬𝐻 − 𝛬N

(𝑒−𝑋/𝛬𝐻 − 𝑒−𝑋/𝛬N) . (2.16)

In the low energy limit 𝐸 ≪ 𝜖𝐻𝑓 (𝜃, ℎ) the flux is given as

𝛷low
𝐻 (𝐸, 𝑋) = 𝛷N(𝐸)𝑒−𝑋/𝛬𝑁

𝑍N𝐻
𝜆N

𝑑𝐻
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞𝐸𝑋
𝜖𝐻𝑓 (𝜃, ℎ)

. (2.17)

In the last step, the lepton fluxes generated by the decaying hadrons are calculated, which is
analytically solvable only for the high and low energy approximations for the hadron flux. The
low energy solution for the lepton flux is

𝛷low
𝐿 = 𝛷N(𝐸)

𝑍𝑁𝐻𝑍 𝑑
𝐻𝐿

1 − 𝑍NN
(1 − 𝑒−𝑋/𝛬𝐻) (2.18)

and the high energy limit is

𝛷high
𝐿 = 𝛷N(𝐸)

𝑍𝑁𝐻𝑍 𝑑
𝐻𝐿

1 − 𝑍NN

𝜖𝐻𝑓 (𝜃, ℎ)
𝐸

𝛬𝐻
𝛬𝐻 − 𝛬N

(𝐸1(𝑋/𝛬𝑁) − 𝐸1(𝑋/𝛬𝐻) + ln (
𝛬𝐻
𝛬𝑁

)) . (2.19)

12Since the zenith dependency is complicated and varies the slant depth by a factor of up to 40, usually 𝐸 ≫ 𝜖𝐻 is
enough to specify.
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2.4 The Muon Flux

Where 𝐸1 is the exponential integral function, which is properly defined in Appendix A.1. It
has to be noted, that the exact solution Equation (2.19) could not be found in any literature,
so no reference or cross check for this formula is provided. In literature only the expressions
for high 𝑋 are usually given since 𝑋sealevel ≫ 𝛬𝑖 is a good approximation. The high 𝑋 form of
Equation (2.18) is

𝛷low
𝐿 = 𝛷N(𝐸)

𝑍𝑁𝐻𝑍 𝑑
𝐻𝐿

1 − 𝑍NN
. (2.20)

The deviation from the exact solution at 𝐸 = 100GeV and for 𝐻 = 𝜋 at typical vertical 𝑋 at sea
level from [GER16] is only 0.13 %. The high 𝑋 expression for Equation (2.19) is

𝛷high
𝐿 = 𝛷N(𝐸)

𝑍𝑁𝐻𝑍 𝑑
𝐻𝐿

1 − 𝑍NN

𝜖𝐻𝑓 (𝜃, ℎ)
𝐸

𝛬𝐻
𝛬𝐻 − 𝛬N

ln𝛬𝐻/𝛬N. (2.21)

The deviation to the exact expression here is typically 0.06 %.

Finally, an interpolation between the high and low energy solutions of the lepton fluxes is usually
done for each hadron separately. With the observation that above (below) the characteristic
energy 𝜖𝐻 the low (high) energy solution overestimates the flux, the geometric mean is a natural
choice for interpolation:

𝛷𝐿(𝐸, 𝜃) = ∑
𝐻

𝛷high
𝐿 𝛷low

𝐿

𝛷high
𝐿 + 𝛷low

𝐿

= 𝛷N(𝐸)∑
𝐻

𝒜𝐻𝐿

1 +ℬ𝐻𝐿
𝐸

𝜖𝐻𝑓 (𝜃,ℎ)

(2.22)

with

𝒜𝐻𝐿 =
𝑍𝑁𝐻𝑍 𝑑

𝐻𝐿
1 − 𝑍NN

, (2.23)

ℬ𝐻𝐿 =
𝛬𝐻 − 𝛬N

𝛬𝐻
ln𝛬N/𝛬𝐻. (2.24)

The important observation, aside from numerical pre-factors, is the different behaviour of the
low- and high energy solutions: The high energy limit eq. (2.21) is dependent on the Chapman
function 𝑓 (𝜃, ℎ) and thus on the zenith angle and the atmosphere (including its temperature).
The spectral index of it is the same as the CR spectral index lowered by one. The low energy
solution eq. (2.20) on the other hand just follows the primary spectrum with a pre-factor. The
transition for the high and low energy solution is marked by 𝜖𝐻𝑓 (𝜃, ℎ) and differs for each
hadron 𝐻. Table 2.1 shows that at typical energies for IceCube pions and kaons behave in their
high-energy limit (conventional component) and all other particles are in their low-energy limit
(prompt component). Because of the flatter spectral index, the prompt component becomes
relevant at high energies.

All ingredients to understand the (semi-)analytical expressions for the lepton fluxes are given
in current literature. It is important to understand the assumptions and limitations of the
𝑍-moment method: It is assumed that the slant depth 𝑋 and energy dependency 𝐸 factorizes for
all fluxes (Nucleon, Hadron, Lepton). Also, the 𝑋-dependency of 𝑑𝑖 is taken to be approximately
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2 Cosmic Rays and Extensive Air Showers

linear in integration, and the true relation is later inserted by 𝑓 (𝜃, ℎ). And the biggest assumption
which is made is the following: The unstable hadrons are only produced by themself or nucleons,
but not by other hadron types. Processes like 𝜋 → 𝐷 → 𝑙 are ignored 13. Finally, this process
is only semi-analytical, since the energy-dependent 𝑍 factors must be approximated by MC
simulations14.

The full cascade equations in the form of Equation (2.13), can be written as a linear differential
equation system of the first order,

d
d𝑋

𝛷⃗ = 𝑴𝛷⃗. (2.25)

With the components of the flux vector belonging to the different particle types and the
components of the matrix are given as

𝑀𝑖𝑗 = −( 1
𝜆𝑖

+ 1
𝑑𝑖
) 𝛿𝑖𝑗 +

𝑍 𝑑
𝑗𝑖

𝑑𝑗
+
𝑍𝑗𝑖
𝜆𝑗

.

MCEq takes this idea and carries it through to the end, by fully solving the cascade equations
numerically. The complexity in solving the equations mainly lie in the energy dependency of
the 𝑍 moments and over all in the 𝑋 dependency of 𝑑𝑖.
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Figure 2.5: The energy dependency of the atmospheric muon flux at sea level, divided into
the prompt and conventional component, as calculated with MCEq at 𝜃 = 0°. Additionally,
the flux parameterization by Gaisser from [GER16] is shown, which does not include prompt
particles.

13This is why the sum over all hadrons independently is performed in Equation (2.22).
14The only difference to a EAS MC is, that here single hadron-interactions can be simulated, and there is no need to

run a full coupled cascade.
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2.4 The Muon Flux

The resulting spectra for muons from the cascade equations are shown in Figure 2.5, where the
prompt and conventional and total spectra for muons are calculated with MCEq and results
from the 𝑍-moment method with values from [GER16] are shown. Reference [GER16] provides
values for 𝐻 = 𝜋, 𝐾 (conventional component), with the simple primary flux power law model
eq. (2.1) with 𝒜𝜋𝜇 = 8.24 × 10−6, ℬ𝜋𝜇 = 1.11 and 𝒜𝐾𝜇 = 4.45 × 10−7 = ℬ𝐾𝜇. The reference
also provides a parameterization for the prompt component by summing up all contributions
from the different hadron of the prompt component into a component only consisting of the
low energy contribution eq. (2.20), with 𝒜prompt𝜇 ≈ 10−3 ⋅ 𝒜𝜋𝜇, but 𝒜prompt𝜇 = 10−4 ⋅ 𝒜𝜋𝜇 is
used in Figure 2.5, which also overestimates the contribution. To gain good agreement with
MCEq, the high energy contribution of charmed mesons starting at 10 PeV must be taken into
account to describe the prompt spectrum. The crossover point for the prompt and conventional
contribution is right below 1 PeV at a zenith value of 𝜃 = 0.

The crossover point approximately rises with 𝑓 (𝜃, ℎ) ≈ 1/ cos 𝜃∗ with higher zenith angles.
This is due to the zenith dependency of the conventional component, which is shown at
10 PeV in Figure 2.6. The precise results from MCEq are shown there, but additionally the
approximate 1/ cos 𝜃 and 1/ cos 𝜃∗ behaviours from the 𝑍-moment method are shown. Taking
𝜃∗ at ℎ = 50 km they approximate the zenith distribution of the conventional flux well. The
dip in both components towards 90° comes from additional energy losses of muons to the
atmosphere. The slant depth at the horizon rises to approximately 400 000 kg/m2, which is
approximately 40 times its vertical value. The prompt component only shows slight variation
in zenith, which is due to the charmed mesons coming to the end of their low energy limit at
10 PeV.
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2 Cosmic Rays and Extensive Air Showers

0 10 20 30 40 50 60 70 80 90
Zenith 𝜃/°

2

4

6

𝛷 μ
±
/(
m

2 s
sr
G
eV

)−
1

×10−21 𝐸𝜇 = 1 × 107 GeV

Prompt
Conventional
1/ cos 𝜃
1/ cos 𝜃⋆

1
Figure 2.6: The zenith dependency of the atmospheric muon flux, divided into the prompt
and conventional component component. The muon energy of 1 × 107 GeV is chosen, since it
is right above the crossover energy for the prompt and conventional flux. The orange and
blue lines show the MCEq-prediction. The green lines show two versions of the theoretical
conventional prediction by Reference [GER16]. The solid version shows the original 1/ cos 𝜃
dependency, while the dashed version shows a modified version where 𝜃 is replaced by 𝜃∗ at
50 km.
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3 The Prompt Muon Flux in Air Shower Simulations

Monte Carlo (MC) air shower simulation software, such as CORSIKA7, propagates particles
through Earth’s atmosphere by simulating interactions and particle decays. Although the MC
program simulates every single particle in the shower, it is usually not necessary to save every
single step of the simulation. The output of air shower simulation software is thus usually
a list of particles and their corresponding attributes (energy, momentum, production height,
etc.) only inside a defined plane (the observation level) or volume, as well as the properties
of the primary particle which produced the air shower. This reduced set of information is
usually sufficient to simulate the response of a detector. However, to differentiate the prompt
component of an air shower, the production history of the observed particles must be known.

At this point it is important to mention that the definition of a prompt particle in astroparticle
physics is somewhat different to other fields of physics. In high energy collider physics for
example, a prompt particle is defined as a particle, which is produced directly in the proton-
proton interaction and does not come from the decay of another particle [LHCb22]. In nuclear
physics a “prompt neutron” refers to a neutron directly released by nuclear fission [US 93].

In astroparticle physics the term “prompt” refers to the lifetime of a decaying particle. As
explored in Section 2.4, the following definition for the prompt and conventional part of the
muon flux is used:

The conventional part of the muon flux consists of all the muons originating from
𝜋±, 𝐾±, 𝐾0

L , and 𝐾
0
S decays. All other muons are considered to be part of the prompt

flux.

The pions and kaons are the mesons with the longest lifetime and they are the most common
hadronic particles in an extensive air shower (EAS). Section 3.2.2 discusses other possible
definitions of prompt muons. The nomenclature is a bit overloaded, but consistent nonetheless:
The flux has a prompt part, and also individual muons in this flux are called prompt, although
they are indistinguishable from conventional ones on a particle-to-particle basis. Sometimes,
also the short-lived parent particles are called prompt.

“Prompt” in air showers refers to the last parent particle of the muon and not to the whole
decay chain, like in collider physics. Thus, to split the flux into the prompt and conventional
part with MC air shower simulations, the type of the parent particle for each observation level
muon must be known. If this information is available, a label “prompt” or “not-prompt” to each
observation level particle based on their parent particle can be assigned; this is referred to as
prompt tagging.
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3 The Prompt Muon Flux in Air Shower Simulations

This chapter describes how prompt tagging is implemented with CORSIKA7 output and shows
that, to the knowledge of the author, for the first time consistent results with MCEq predictions
for the prompt and conventional flux of muons have been produced. Previous work already
used a similar tagging to estimate the contribution from the prompt component, but made no
comparisons to MCEq or other theoretical fluxes [Meß22].

For tagging the prompt component, the extended history (EHISTORY) compilation option
of CORSIKA7 is needed, which is described in detail in section 3.1. Along with this thesis
the open-source python-package PANAMA [Nes23] was developed to facilitate the usage of
CORSIKA7 and its EHISTORY option. The features include

• Correct parsing of the EHISTORY output

• Automatically running CORSIKA7 on multiple cores

• Weighting of CORSIKA7 output

• numpy- and pandas-friendly implementations of multiple state-of-the-art primary
flux models

• Reading CORSIKA7 output files (“DAT” files) to pandas dataframes, using
pycorsikaio [Lin23]

• Exporting DAT files to HDF5 files

The correct compatibility with EHISTORY has been implemented in the IceCube software
IceTray as well [IC23b], to enable prompt tagging with IceCube MC data.

3.1 The Extended History Option of CORSIKA7

The default particle output format of CORSIKA7 is described in its userguide [KH93, p. 127].
It contains information about the whole CORSIKA7 run, for example the run number, and a
block of data for each event. An event refers to one air-shower produced by a single primary
particle. The event block also contains information about the run, for example the used version of
CORSIKA. On the event level it stores the direction, type, energy andmomentum of the primary
particle for each event and a list with information about all the observation level particles.
This list contains the particle ID (pid), the hadron generation counter (HGC), the number of
the observation level (if multiple observation levels are defined), the momentum vector and
the position/time since first interaction for each particle, that reached the observation level.
With the EHISTORY compilation option of CORSIKA, this list of particles can be extended by
two ancestors for muons and neutrinos [HE13]. The ancestors are marked with a negative pid
encoding and the level of ancestors depends on the ordering in the file: Parent, Grandparent,
Particle1. In theory the implementation of tagging prompt particles is straightforward: parsing
the pid of the parent and assigning the prompt tag if the parent is neither a pion nor a kaon.

1CORSIKAs userguide calls them “mother” and “grandmother” particles.
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3.1 The Extended History Option of CORSIKA7

However, the saved parent particles in CORSIKA are not guaranteed to be the direct parent
particles, rather they are some ancestors. This does not diminish the prospect of tagging prompt
particles with CORSIKA7, since there is a way to check how far apart the particles are in the
decay chain: the HGC. The HGC is a number CORSIKA tracks for every particle. It is generally
increased by one for every hadronic interaction and decay. There are multiple and important
exceptions to this rule which have to be checked. The HGC

1. is not increased for short-lived resonances [HE13, p. 8]. As an artifact of this behav-
ior, sometimes the counter is also not increased for some regular hadron decays. It is
observed, for example, that in some cases, the HGC for the process 𝐾∗0 → 𝜇± is not
increased, although the 𝐾∗0 cannot directly decay into a muon and is far too short-lived,
to interact with the atmosphere. A possible explanation of this is that CORSIKA7
passes the resonant particle to appropriate decay-routine (which may belong to a foreign
hadron interaction model). The decay routine may then also generate the decays of the
resulting child-mesons, since a 𝐾∗0 (almost) always has a two-body decay into 𝐾±𝜋∓
anyways [PDG22].

2. is increased by 30 for a charmed decay, which is of special interest for the prompt
component. Note that the documentation of EHISTORY says that it is increased by 31,
not 30 [HE13, p. 7]. This seems to be either false or it has been changed in some update
and is not addressed in the documentation. For CORSIKA version 7.7420 and onward,
30 is the correct value.

3. is increased by 51 for pion decay.

4. saturates at 99.

The HGC of the parent particle as well as the observation level particle is saved and thus their
difference can be calculated. With this difference it can be asserted whether the given parent
particle is really the parent, or rather, if there are still some intermediate decays. This begs
the question: When does CORSIKA7 decide what parent particles to skip and what parent
particles to write to output. The documentation does not give a definitive answer to that,
but provides some examples [HE13, pp. 8, 9]. From the examples it appears that CORSIKA7
saves the “interesting” and rare decays, and only skips pions or kaons. With these assumptions,
agreement with MCEq in the conventional and prompt muon flux is achieved (see section 3.2).

In summary: To tag a muon as prompt or conventional, the pid of the parent particle and the
difference in the HGC must be known . Then:

1. If the difference is 0 or 1 and the parent is able to decay into the child2, the parent pid is
correct.

2. Else, if the difference is 30 and the parent particle is a charmed particle, the parent pid is
correct.

3. Else, if the difference is 31 and the parent particle is a pion, the pid is correct.

2To respect the special case of non increasing generation counters from the previous listing.
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3 The Prompt Muon Flux in Air Shower Simulations

4. Else the correct pid of the parent is unknown, but it’s either a pion or a kaon and thus
not prompt.

The prompt tag is assignable to the particle with this procedure. It is shown in the next section
that the resulting spectra agree with MCEq predictions.

Nevertheless some inconsistencies with the HGC in produced CORSIKA7 output are observed.
These include:

• Sometimes the difference in the HGC is negative (0.59 % of muons).

• Sometimes the difference in the HGC of a charmed parent is 29, although it should be at
least 30 for a charm decay (0.74 % of muons).

• Sometimes a muon’s parent particle is a muon (1.81 % of muons) 3.

These cases happen rarely enough to have no big influence on the overall flux, but indicate the
need for careful cross-checks to verify that the tagging procedure is actually working — see
section 3.2. The given percentages in parenthesis are calculated from the whole MC calculation
described in the next chapter. An energy dependent version of these numbers are shown in
appendix B.2.

With a modern and customizable EAS simulation, the tagging could be implemented with greater
control over the details and without inconsistencies directly into the air shower simulation
by adding a module to the software. Currently, no such finalized MC software exists, but
CORSIKA8 is under active development [RU19]. An initial beta release is planned later in
2023 [HR23]. CORSIKA8 is a complete re-implementation of CORSIKA7 in the modern
C++17 standard and aims at providing greatly increased usability, modularity, maintainability
and customizability compared to its FORTRAN77 predecessor [Eng+19]. One of its explicit
goals is to increase the capability of investigating a particle’s history [RUP21; Rei23]. The
eventual release of CORSIKA8will with no doubt be an important milestone for the cosmic ray
community and enable a whole range of interesting possibilities — for the time being, utilizing
CORSIKA7’s EHISTORY is the only option.

3.2 Prompt and Conventional Muon Spectra from a full Monte
Carlo Simulation

To verify that the prompt tagging procedure is working as expected, a tagged and weighted MC
sample is compared to the lepton fluxes produced by MCEq. MCEq uses the same hadronic event
generators as CORSIKA7 internally to produce a tabulated version of the matrix 𝑴 from the
matrix-form of the cascade equations eq. (2.25) [Fed+15]4. The method of numerically solving
the cascade equations is a completely different methodology as running a whole MC simulation,
which should be considered in evaluating the comparisons between MC and MCEq.

3This may come from multiple-scattering or pair-production, but makes no physical sense as a decay.
4MCEq further divides 𝑴 into a decay part 𝑫 and interaction part 𝑪.
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The differences between obtaining flux predictions from MCEq and a full MC EAS simulation
is summarized here. MCEq uses the pre-calculated matrix 𝑴 (see eq. (2.25)), which tabulates
the particle yield of decays and interactions at discrete energy values, to solve the cascade
equations with the initial condition provided by a chosen primary flux model. The result
directly provides the lepton fluxes at different energies, but contains no information about
shower-to-shower differences, since there is no stochastic method involved and the same MCEq
settings result in the same solution. CORSIKA7, on the other hand employs MC methods and
samples particles from a given primary flux model and simulates all particle interactions and
decays in the atmosphere stochasticly until some defined energy cutoff is reached. To generate
physical fluxes from MC simulations, the simulation must be performed repeatedly, such that
the statistics are high enough to be able to bin the resulting observation level particles in the
energy space. Each particle is binned with a certain weight 𝑤, which contains the information
about the frequency of the primary particle, which initiated the air shower.

The flux, from which the primary particle’s energy is sampled, is not a physical one, but rather
some arbitrary power law

𝛷s(𝐸) =
1
𝑁

⋅ 𝐸−𝛾s . (3.1)

Usually, 𝛾s = 1 or 𝛾s = 2 is chosen, depending on how much statistics in the high energy region
are needed, where smaller spectral indices 𝛾s favor higher energy. If the sampled energy region
is 𝐸p ∈ [𝐸min, 𝐸max], then 𝑁 in eq. (3.1) is chosen such that 𝛷s is normalized. The weight 𝑤 for
an event with primary energy 𝐸p is

𝑤 =
𝛷p(𝐸p)

𝑛𝛷s (𝐸p)
= 𝛷p(𝐸p) ⋅

𝑁
𝑛𝐸−𝛾s

, (3.2)

where 𝑛 is the total number of events generated in the energy region. The normalization factor
is given by

𝑁 = {
ln (𝐸max

𝐸min
) if 𝛾s = 1

− (𝛾s − 1)−1 (𝐸−(𝛾s−1)max − 𝐸−(𝛾s−1)min ) else
.

Cosmic Rays (CRs) vary in energy more than 10 orders of magnitude. Due to the power
law nature of their spectrum, their flux spans an even wider range across these energies. To
investigate high energy CR phenomena, like prompt muons, high statistics in the very high
energy region are needed. TheMC runtime for a single air shower (event) is approximately equal
to the number of particles in the air shower. Based on the Heitler-Matthews model explained
in Section 2.2, the number of particles is approximately proportional to the primary’s energy5.
Simulating a 1 PeV air shower thus takes approximately 1000 times longer than a 1TeV shower.
Because even with unphysical sampling spectra of 𝛾s = 1, the number of simulations required
to gain enough statistics in the high energy region above e.g. 1EeV is unfeasible, another trick

5Because a shower from a nucleus with mass-number 𝐴 behaves very approximately as 𝐴 independent nucleons,
the runtime also is proportional to 𝐴.
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3 The Prompt Muon Flux in Air Shower Simulations

is applied for simulations across many orders of magnitude in energy: The whole energy region
is split up into different sub-regions, which all contain a given number of events. If the energy
intervals are disjoint, which is usually chosen to be the case, the weighting from eq. (3.2) can be
performed straightforward separately on all sub-sets. If the energy intervals are not disjoint, the
weighting has to be performed separately in every region of overlap, which makes the procedure
more complicated. The weighting used in this section is implemented in PANAMA [Nes23],
IceCube’s weighting is implemented in the SimWeights python package [IC23c].

With energy bin edges 𝐸0, 𝐸1, … , 𝐸𝑚 the muon flux differential in energy in the 𝑖th energy bin
(𝐸 ∈ (𝐸𝑖, 𝐸𝑖+1]) can be calculated with

𝛷𝑖 =
1

𝐸𝑖+1 − 𝐸𝑖
∑
𝑗

𝐸𝑗𝜇∈(𝐸𝑖,𝐸𝑖+1]

𝑤𝑗

where 𝑗 enumerates all observation level muons, 𝑤𝑗 their weights according to eq. (3.2) and
the sum is performed over all muons, with energy in the energy bin. As with all weighted
histograms, the error on the bin entry is given by6

𝛥𝛷𝑖 =
1

𝐸𝑖+1 − 𝐸𝑖

√

∑
𝑗

𝐸𝑗𝜇∈(𝐸𝑖,𝐸𝑖+1]

𝑤2
𝑗 .

The primary CR spectrum consists of many nuclei, ranging from hydrogen to iron and be-
yond [GER16]. In simulation, usually not all nuclei are injected with a composition which is
physical. Instead, the different primaries are divided into a number of groups and for each
group the dominant nucleus is chosen to represent all showers in that group. Normally, groups
are chosen to be roughly of constant length in log(𝐴), since 𝑋max varies in log(𝐴) [KU12],
which can be understood with the Heitler-Matthews model (section 2.27). This chapter uses the
same five components as the standard IceCube software: hydrogen, helium, carbon, silicon and
iron.

The properties of the used CORSIKA7 dataset in this chapter are listed in Table 3.1 and the
full steering card can be found in Listing 1 in Appendix B.1. CORSIKA7 version 7.7420 is
used and compiled with the CHARM, CURVED, DYNSTACK and EHISTORY options. The
configured high energy hadron model is SIBYLL2.3d and the low energy one is URQMD. The
prompt component of the muon flux, becomes dominant at around 1 PeV, hence the settings are
chosen, such that all the muons above 1 × 105 GeV are generated. The primary energy range
starts at 1 × 105 GeV, and the hadron and muon cutoff is set to 1 × 105 GeV as well. This allows
for the large statistics of more than 30 million showers (see table 3.1), since the many low energy
muons and hadrons must not be computed. The electromagentic (EM) components (electrons

6This can be derived with the multiplicative and additive properties of the variance, see e.g. www.boost.org/
doc/libs/1_82_0/libs/histogram/doc/html/histogram/rationale.html.

7If the primary composition is measured using the number of muons, it varies with 𝐴1−𝛽, roughly with 𝛽 ∈
(0.88, 0.92)
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3.2 Prompt and Conventional Muon Spectra from a full Monte Carlo Simulation

and photons) are completely cut away, so that only the hadronic part of the shower is simulated.
This has little effect on the generated muons, since EM-processes which produce hadrons or
muons are heavily supressed8. With these settings the runtime on 40 cores was approximately
5 days.

Table 3.1: The Monte Carlo dataset used for the figures in this section is listed. CORSIKA7
used the SIBYLL2.3d hadronic interaction model and a curved atmosphere. Each primary
was simulated with a spectral index of 𝛾S = 1 once for a zenith angle of 0° and once for 60°.
The electromagnetic component was not simulated and the hadronic and muonic cut below
which simulation is stopped was set to 1 × 105 GeV.

𝐸min/ GeV 𝐸max/GeV Primary Number Spectral Index Zenith

1 × 105 1 × 109

H1 10 × 106

1 0°, 60°
He4 10 × 106

C12 10 × 106

Si28 1 × 106

Fe54 1 × 106

1 × 109 5 × 1010

H1 100 × 103

1 0°, 60°
He4 100 × 103

C12 100 × 103

Si28 10 × 103

Fe54 10 × 103

Utilizing the EHISTORY option for prompt tagging without accounting for the HGC, the
results are not consistent with expectations, as can be seen in Figure 3.1. This is expected and
shows that the correction of the HGC described in this thesis is needed. Figure 3.1 compares
the uncorrected readout to MCEq, but the fluxes are also not consistentt: the flux is weighted
with 𝐸−3.7, so an approximately flat spectrum for the conventional component is expected,
with the prompt component rising. The flattening of the “prompt”-labeled component below
the crossover region of about 1 PeV indicates substantial contamination from the conventional
component. While the region beyond 106.5GeV behaves more correctly, the deviations in the
lower energies make an uncorrected EHISTORY readout unusable for analysis of the prompt
component.

When accounting for the HGC as described earlier, the resulting spectra agree with MCEq
predictions, which can be seen in Figure 3.2. This indicates that the tagging procedure is
working correctly and can be used to identify prompt muons in the MC simulation.

8Consider for example muon-pair-production, which is suppressed by a factor of 𝑚2
𝑒/𝑚2

𝜇 ≈ 2 × 10−5 compared to
electron-pair-production
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Figure 3.1: The high energy muon spectrum produced by CORSIKA7 (crosses) devided into
the prompt (orange and blue) and conventional (green and pink) component is shown at two
different zenith angles 𝜃 = 0° and 𝜃 = 60°. Here, the readout with the EHISTORY option is
not corrected as described in this section. Especially right below the cross-over region the
spectrum does not match the MCEq-prediction shown in solid lines. Global Spline Fit (GSF) is
the primary model in both cases.
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Figure 3.2: The high energy muon spectrum produced by CORSIKA7 (crosses) devided into
the prompt (orange and blue) and conventional (green and pink) component is shown at two
different zenith angles 𝜃 = 0° and 𝜃 = 60°. The MCEq-prediction shown in solid lines matches
the weighted CORSIKA7 histograms. GSF is the primary model in both cases.
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3.2 Prompt and Conventional Muon Spectra from a full Monte Carlo Simulation

3.2.1 Muonic Origin

Most muons in EAS come from pion or kaon decay and are referred to as conventional, as
already established. The other muons, the prompt ones, come from heavier meson decays. For a
long time, it was believed that most of the prompt atmospheric muon flux originates from charm
hadron decays (mainly 𝐷±, 𝐷0, 𝐷0

and 𝛬𝑐) [Bug+89; TIG96; Bug+98]. Only in the last decade
it was realized that unflavored meson decays (mainly 𝜂, 𝜂′, 𝜌0, 𝜔 and 𝜙) probably contribute to
the flux on the same level as charm decays [Ill+11; GER16]. Charmed and conventional decays
produce a neutrino as well, as seen in its tree-level Feynman-Diagram fig. 3.3a, while unflavored
decays do not produce neutrinos, as seen in Figure 3.3b. Differentiating the origin of the muon
at ground level is not possible with CR-observatories, since all muons leave the same tracks
in a detector, no matter their origin. Probing muon production processes is only possible in
collider experiments, like the ones at CERN’s Large Hadron Collider (LHC). LHC can measure
the decay rates of hadrons and they are subsequently used for example in MC event generators
like SIBYLL. With EAS simulation software, the origin of muons in EAS can be studied, as
they in turn use the event generators, which are tuned using collider data.

𝑢

𝑑/𝑠/𝑐

𝜇−

𝜈𝜇

𝑊−
𝜋−/𝐾−/𝐷−

(a) 𝜋−/𝐾−/𝐷− → 𝜇−𝜈𝜇

𝑞

𝑞

𝜇+

𝜇−

𝛾/𝑍 0
𝜂/𝜂′/𝜌/𝜔/𝜙

(b) 𝑞𝑞 → 𝜇−𝜇+

Figure 3.3: Leading order Feynman diagrams for the 𝜋− → 𝜇−𝜈𝜇 decay (fig. 3.3a) and unflavored
decays of the type 𝑞𝑞 → 𝜇−𝜇+ (fig. 3.3b) are displayed. The 𝐾− (𝐷−) decay has the same leading
order diagram as in Figure 3.3a, but the down (up) quark is swapped with a strange (charm)
quark.

The previous Section 3.2 showed that reconstructing the muon origin with CORSIKA7 agrees
with MCEq predictions on the level of differentiating between the prompt and the conventional
component. Splitting up the conventional component of the muon flux into muons originating
from 𝜋± or 𝐾± decay with CORSIKA7 is not possible: EHISTORY only provides enough
information to say that a parent particle is conventional, some of them are undetermined to be
either a pion or a kaon. But further dividing the prompt component of the flux into origins from
multiple other particles is possible, and this can also be compared to MCEq results. This is done
in Figure 3.4. The solid lines there show the MCEq solutions from [Fed+19]. It is noticeable that
the two methods don’t agree with each other for every particle, although they do if summed
up, as shown in Figure 3.2. The two particle types with the most contradicting results are 𝐷𝑠
and 𝐷0. The differences probably can’t be explained with the hadronic models, since both in
the CORSIKA7 simulation and in MCEq the same one, namely SIBYLL2.3, is used. The
only difference is the concrete version, as for MCEq SIBYLL2.3c is used and for CORSIKA7
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Figure 3.4: The prompt component of the high-energy muon flux divided into different
parent-particles is shown. The crosses come from the described CORSIKA7 EHISTORY
readout, while the solid lines come from numerical solutions to the cascade equations from
MCEq. The MCEq data are taken from [Fed+19].

SIBYLL2.3d is used. According to correspondence with the developers of the model and the
corresponding papers [Fed+19; Rie+20], the differences between the c and d version of the
software are minimal and probably can’t explain a difference to this degree. Efforts have been
made to reproduce the fluxes from fig. 5 of [Fed+19], but the current version of MCEq does not
support SIBYLL2.3d and also does not provide the feature to differentiate all particles, only
some of them (like the 𝐷𝑠).

While the differences in the per-particle readout are unsatisfactory, they do not play a role in
the tagging procedure. The discrepancies will probably only be solved with the new version
CORSIKA8, which provides a much finer grained control over the history of particles. Possible
reasons for the discrepancies are

• Different hadronic interaction models (SIBYLL2.3c/SIBYLL2.3d) → unlikely, as
they only differ slightly.

• Different methods (Cascade equations/MC) → Different methods should agree.

• An implementation error in the code of the EHISTORY readout.

• An implementation error in EHISTORY.

• An implementation error in MCEq.

• Labeling errors in fig. 5 of [Fed+19].

30



3.2 Prompt and Conventional Muon Spectra from a full Monte Carlo Simulation

A third method for comparison could give some insight into where exactly the problem lies.
CORSIKA8 is under early development and working with the unstable CORSIKA8 exceeds
the scope of this thesis. Another option is to compare to the production cross section measured
by collider experiments, although direct comparison must be performed with great care, since
the results from air shower simulation are a convoluted version of the production cross section
(through the cascade equations). Focusing on the difference in the 𝐷𝑠 and 𝐷0 production, since it
is the most significant. The LHCb collaboration reports that the production cross section for 𝐷0

is (2072 ± 2 ± 124) µb in 𝑝𝑝 collisions at a center of mass (COM) energy of √𝑠 = 13TeV, which
corresponds to a fixed target energy of 𝐸FT ≈ 90 PeV [LHCb16]. While the production cross
section for 𝐷+

𝑠 is (353 ± 9 ± 76) µb. The data is given in a pseudo rapidity range of 2 < 𝑦 < 4.5,
so as always in CR physics, it’s hard to compare to the extreme forward boosted region of EAS,
although the fixed target energy is in the relevant region for prompt muons. The 𝐷0 decays
into muons (6.8 ± 0.6) % of the time and the 𝐷±

𝑠 decays into muons (6.33 ± 0.15) % (assuming
lepton flavor universality) of the time [PDG22]. This provides a hint into the direction, that
there indeed should be more muon production from 𝐷0 than from 𝐷𝑠.

3.2.2 Definitions of Prompt

The prompt component of EAS can be defined in different ways. This chapter compares different
possible definitions and their influence on the obtained muon fluxes. From the particle theorist
point of view, each type of meson in an air shower behaves differently. They can for example
calculate the spectrum weighted 𝑍-moments for pion, for multiple charmed mesons with a
variety of different Quantum Chromo Dynamics (QCD)-meson models, increasing in precision
and detail over time and for a variety of different primary flux models. From these 𝑍-moments, a
theoretical prediction of the muon flux is obtained, for different models of mesons and different
primary flux models.

From the experimentalist’s point of view, the interesting thing is the different behavior of the
prompt component in variables, which can actually be measured, since decays inside the EAS
can be probed only indirectly. The three measurable differences of the prompt component are
the different spectral index, the flatness in zenith and the non-existence of seasonal variations.

These differences can be explained phenomenologically, without the need for full QCD calcula-
tions. The different spectral index arises from the fact that the mesons with the short lifetime
most likely decay before they interact with the atmosphere and thus do not lose energy to the
atmosphere, which makes their spectrum flatter. This effect depends on the energy region,
since the decay length is Lorentz-boosted, and thus for higher energies, interaction with the
atmosphere starts to dominate again. The non-existing zenith dependence can be explained by
the fact that the short-lived mesons decay before they travel any significant amount through
the atmosphere and thus there is no competition between interaction and decay, which is the
reason why the 1/ cos 𝜃∗ dependency of conventional muons arises. The non-seasonality of the
muon flux arises for the same reason: prompt mesons almost always decay before they interact
with the atmosphere, so it does not matter how dense the atmosphere is due to temperature
variations in the seasons.
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3 The Prompt Muon Flux in Air Shower Simulations

Based on these different perspectives on the prompt flux, multiple ideas on how to identify the
prompt flux in a MC simulation may be proposed. As already established in the last section, to
arrive at consistent results with theorist’s predictions and therefore MCEq, the tag of the prompt
component must be based on the last decay in the decay chain, as can be seen in Figure 3.2. In
this section four slightly different definitions of “prompt” are investigated. The figures in this
chapter show the MCEq predictions as a baseline to provide a reference for the deviation of the
suggested definition shown in Figure 3.2, which is consistent with MCEq. This means, that for
most figures in this chapter consistency with MCEq is not expected.

The first definition, here called the “energy” definition, separates the two components based on
theoretical considerations on the crossover energy between the interaction dominated and the
decay dominated part of the spectrum. As explained in section 2.4, below the parent-particle
type 𝐻 specific critical energy 𝜖𝐻, the decay dominates over interaction. This is labeled as
prompt by the energy definition, while parent particles with energy above 𝜖𝐻 are labeled as
conventional. By this definition, any particle with enough energy (more than the critical energy)
becomes conventional at some point. Just that the critical energy is different for different
particles. This is also true the other way around: every particle can be prompt, if the energy is
small enough (below the critical energy). The critical energies for some particles are listed in
Table 2.1. Under the assumption that the interaction length in air is approximately the same for
any meson,9 the critical energy can be calculated for any meson with the formula

𝜖ℎ = ℎ0
𝑚ℎ𝑐
𝜏ℎ

≈
𝑚ℎ𝑐2

𝜏ℎ
⋅ 21 348.10 ns.

Here a typical scaling height of ℎ0 = 6.4 km (like in [GER16, p. 122]) is used. This critical energy
is used for the prompt definition seen in Figure 3.5. It shows that this definition produces
agreeing results with MCEq until roughly the crossover point at 1 PeV. Above 1 PeV, the
conventional labeled particles start having a similar spectral index to the prompt component.
This is because a lot of 𝐷-mesons which decay right above the critical energy somewhere
above 10 PeV start contributing to the conventional component. Once the crossover region is in
energies is passed by a few orders of magnitudes, the conventional component is expected to
start having the spectral index from other definitions again.

This definition can be improved: a zenith dependence in the critical energy can for example
be introduced, to account for the varying slant depth with the zenith angle. More accurate
interaction lengths for different mesons can also be used or the true slant depth at the meson’s
interaction height can be calculated. Since this definition is not used anywhere else, for
demonstration purposes only this simple energy threshold is presented.

Prompt particles dominate at higher energies, since they do not lose as much energy in the
atmosphere as conventional ones. Considering this, the idea to select all the particles in the
MC simulation, which did not lose a significant amount of energy to the atmosphere seems

9This is not exact, but only a rough approximation. Since mesons mostly interact with the air nuclei via the strong
force, the independence of the hadron type can be motivated by QCD’s flavor-blindness. For a comparison of
the interaction lengths of pions and kaons at different energies, see for example table 5.4 of Reference [GER16].
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Figure 3.5: Shown here is the energy definition of prompt for the CORSIKA7 fluxes (crosses)
described in the text. The MCEq prediction (lines) is shown as a reference, but is not expected
to agree with this definition, since MCEq uses a different one. The energy definition separates
the prompt and conventional flux with a particle-type dependent energy threshold for the
parent particle. In the high-energy region the methods do not agree, because the energy-
threshold for charmed mesons at about 3 × 107 GeV is reached. The GSF model is used for
weighting.

reasonable. For example these may be the muons directly created in the first interaction, or
these could be the muons created from only short-lived mesons in the whole decay chain,
since these do not interact much with the atmosphere. This means that for example a decay
chain of the type 𝑝 + air → 𝜋 + air → 𝐷+ → 𝜇+𝜈𝜇 would not be counted as being prompt,
because of the intermediate pion. With the standard definition of prompt, the muon would be a
prompt one, since it comes from a 𝐷 meson decay. Since the full decay chain is not available
in CORSIKA7, this definition can’t fully be implemented, but an approximation can be: the
information about the grandparent particle to the observation level muon is available10. Thus,
in the “grandmother” definition of prompt, additionally the particles are labeled as prompt,
which have a pion or a kaon as a grandparent, even if their parent is prompt.

The resulting fluxes from the “grandmother” definition of prompt can be seen in Figure 3.6.
While the lower energies look quite similar to for example Figure 3.2, in the higher energies the
conventional component is overestimated, since more prompt particles are excluded from being
prompt, but no additional ones are introduced.

The two definitions, which finally produce agreeing results with MCEq and therefore theory
predictions, are called the “pion-kaon” definition and the “lifetime” definition. The “pion-kaon”

10CORSIKA7 calls this the “grandmother”
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Figure 3.6: The grandmother definition of prompt is visualized. The MCEq predictions (lines)
are shown as a baseline, but are not expected to agree with the CORSIKA7 fluxes (crosses).
For the crosses, the type of the grandparent particle in addition to the parent particle is
considered to tag the prompt component in the CORSIKA7 simulation. The methods are
deviating somewhat in the high energy region. A good agreement is not expected, as MCEq
does not consider the whole decay chain of a muon, only the last step, to differentiate prompt
and conventional. The tag used here considers the last two steps of the decay chain. The used
primary parametrization is MCEq.

definition is explained in more detail in the last chapter and can be seen in Figure 3.2. It includes
every muon with a parent particle of 𝜋±, 𝐾±, 𝐾L, 𝐾S or of unknown particle type as conventional,
while the rest is prompt. The “lifetime” definition is similar, as it includes every particle with a
lifetime which is greater than ten times the lifetime of the 𝐷0 as conventional and the rest as
prompt. This is the definition of prompt used inside MCEq, and the lifetime limit corresponds
to a decay length of approximately 1.2 cm. Considering all particles in CORSIKA711, these are
the 𝛾 , 𝑒±, 𝜇±, 𝜈 from the fundamental particles. Of these none can decay into a muon, although,
as already mentioned in the previous chapter, a muon can be listed as the parent of a muon.
These would then be considered to belong to the conventional component. The hadrons below
the lifetime limit are 𝜋±, 𝐾±, 𝐾L, 𝐾S, which are exactly the pion and kaons from the pion-kaon
definition. The Baryons below the lifetime limit are 𝑝, 𝑛, 𝛬, 𝛴±, 𝛯0, 𝛯±, of these only the proton
and the neutron can not decay into a muon. These baryons and the muon is the only difference
compared to the pion-kaon definition of prompt. These particles do not seem to contribute much
to the flux, as both of the definitions produce nearly identical results, as shown in Figure 3.8.
This lifetime definition has therefore also approximate agreement with MCEq, see Figure 3.7.

A comparison of the prompt fluxes for the four different definitions of prompt can be seen in

11Automated for example with the particle python package [RS]
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Figure 3.7: The lifetime definition of prompt is shown. A prompt definition based on a lifetime
limit of the parent particle is considered in the CORSIKA7 simulation (crosses). The lifetime
limit is chosen at 4.1 × 10−3 ns, which is 10 times the lifetime of the 𝐷0 meson. The lines
show the MCEq fluxes, which use the same definition for the prompt flux. The CORSIKA7
simulation is weighted with the GSF model.

Figure 3.8. The figure also shows that the different definitions do not vary largely, and that
especially the pion-kaon definition and the lifetime definition are almost the same. All the
definitions from this chapter can be generated with thepromptmodule ofPANAMA [Nes23].
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Figure 3.8: The prompt muon flux for four different possible definitions of the prompt
component for tagging is shown. The simulation is weighted with the GSF. Here, a weighting
with 𝐸3 is chosen to keep the prompt component approximately flat.

3.2.3 Influence of the Primary Model

The used parametrization of the primary CR flux has a great influence especially on the prompt
component. The reason behind this is, that the different primary models have the biggest
differences in the high energy region. This is the least explored part of the CR flux, due to the
fact that high energy CR events are very rare. The composition and flux of these are still subject
to active research [Hil06]. Since the muon energy is a lower bound of the CR primary energy,
the CR producing the prompt component in the region where the prompt component becomes
dominant, are in the region of high uncertainty.

The results for the prompt flux from CORSIKA7 and MCEq for four different state-of-the-art
primary models are displayed in Figure 3.9. The GSF and the Global Fit GST (GST) [Dem+17;
GST13] models produce the highest prompt flux. The Gaisser H3a and H4a models [Gai12]
produce lower prompt fluxes. In particular, the H3a model produces prompt fluxes which are
up to a factor of 5 lower than for example in the GST model at high energies.

36



3.3 Manipulating the Prompt Component

105 106 107 108
𝐸𝜇±/GeV

100

101

2 × 100

3 × 100
4 × 100

6 × 100

𝛷 𝜇
±
⋅(
𝐸/

G
eV

)3
.0
/(
m

2
ss
rG

eV
)−

1

H3a
H4a
GSF

GST
MCEq-Reference

1
Figure 3.9: The prompt muon flux for different primary models, calculated with MCEq
(crosses) and EHISTORY (lines) is compared.

3.3 Manipulating the Prompt Component

3.3.1 Scaling

As shown in the previous sections, the prompt component of the atmospheric muon flux can
be identified reliably in CORSIKA7 simulations with the tagging developed in this thesis12.
While this opens the door to investigate the properties of the prompt component of the muon
flux in MC simulations13, it can also be used as the basis of an analysis of the prompt component
in data.

Another method to analyze the prompt component can be considered: In the first step a number
of different MC sets with the same parameters is produced, which only differ by the strength
of the prompt component in the MC simulation. The strength of the prompt component can
be adapted by replacing a prompt particle, e.g. the 𝐷 meson, with a certain probability 𝑝 by
an equivalent pion or kaon. Equivalency here means, that the particle needs to have the same
charge and the momentum needs to be changed to conserve energy. Then datasets for different
𝑝 can be produced, for example 𝑝 = 0, 0.5, 1, 1.5, 2. Where 𝑝 > 1 means that instead of a prompt
particle being replaced by a conventional one with probability 𝑝, a conventional particle is
replaced with probability 𝑝−1 by a prompt one. Then an interpolation between the datasets can

12It has to bementioned again, that previous work already did a lot of work to understand how to use theEHISTORY
option to identify the prompt component, see [Meß22].

13This is done in the next section
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be performed, to accurately describe the data. From the interpolation, the most likely strength
of the prompt component could be estimated.
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Figure 3.10: Two methods for scaling the prompt component of the muon flux at 𝜃 = 60°
are compared. The green histogram shows the baseline prompt component, as standard
CORSIKA7 simulations produces it, while the blue histogram shows a downscaled version
of the prompt component by a factor of 0.5. The orange histogram shows the conventional
component, while the orange dotted histogram shows how the scaling of the prompt compo-
nent changes the conventional one. The upper panel shows scaling by applying an additional
weight of 0.5 to the events (showers) which are tagged as prompt, and the lower panel shows
the scaling method implemented via DYNSTACK, where a new simulation dataset is created
where prompt particles are explicitly replaced by conventional ones in the simulation. The
GSF model is applied for weighting.

For this analysis-idea, nicknamed the “DYNSTACK-method”, the CORSIKA7 simulation needs
to be modified, which is done most easily in a modern way, via CORSIKA7’s DYNSTACK
module [Baa16]. The results from down scaling the prompt component in CORSIKA7 by
a factor of 0.5 can be seen on the bottom panel of Figure 3.10. It is observable, that when
downscaling the prompt component, also the conventional component of the muon flux is
reduced in the two energy bins above 10 PeV. This can be explained by the method of how the
replacement in DYNSTACK works. Each time a prompt particle enters the stack, it is replaced
by some probability, no matter where in the decay chain the particle exists. This means, also
a conventional muon coming from a decay-chain of the form 𝐷 + air → 𝜋+ → 𝜇+ is removed
with the probability 𝑝. This effect should be notable in the energy region where the interaction
of charmed mesons with the atmosphere becomes relevant, which is, according to table 2.1,
somewhere above 10 PeV.

The downside of this method is the heavy computation costs: generally the EAS simulation is one
of the most costly steps in the whole MC simulation chain of CR observatories. If this simulation
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3.3 Manipulating the Prompt Component

step has to be repeated multiple times for different strengths of the prompt component, some
of which might turn out to be not relevant or realistic, a lot of computation power is wasted.
Another problem with just changing out particles in the simulation is not breaking up the
physics of the simulation. The ideal replacement is equal to changing the strength of the
prompt component in the MC generators, that means for example changing the production
cross section of charmed and unflavored particles. Just replacing particles needs to regard a lot
of laws to be physically flawless: energy conservation, the energy-dependent pion/kaon ratio,
momentum conservation, cross-section measurements from collider experiments and phase
space distributions. For these reasons, the idea of applying a weight to the prompt component
arose.

As explained in section 3.2, the generated MC events are weighted to the a primary model
anyway, so after that another weight of 𝑛pr can be applied to only the prompt events. With that
the strength of the prompt component can be varied with nearly no computation cost, after the
whole MC simulation has already been produced. This is the second method, referred to as the
“reweighting-method”.

What exactly classifies as an event here, can vary depending on the use case. For comparison to
theoretical single-muon flux predictions from theorists, each muon in the simulation can be
weighted differently. That means that in a single shower, each muon can have either a weight
of 𝑤 (see eq. (3.2)), or a weight of 𝑤 ⋅ 𝑛conv. Another possibility is to apply a weight to the whole
shower, so each muon in the shower has the same weight, as in usual MC weighting. Then
the question arises, which muon in the shower decides if the whole shower gets a weight for
prompt. It might appear superficial to force all muons in a shower to have the same weight,
but regarding experimental data, for example IceCube measures one air shower at a time and
generally can not resolve the different single muons in an EAS14. It seems natural that the
decision if the whole shower is weighted as prompt or conventional is based on only the muons
with the highest energies in an air shower. If the extreme is assumed and only the highest
energy muon in the air shower (called “the leading muon”) is considered in the decision if the
whole shower receives a weight, how big is the error to the total flux? At least a small error
is introduced: our goal is to scale down the strength of the prompt component, but as there
are almost certainly also conventional muons in the shower. The conventional component is
affected as well.

A physical argument hints at the case, that only a minor error to the total flux is introduced.
Considering the energy distribution of the primary particles, which on average produced a
muon of energy 𝐸𝜇, some of its properties can be deduced15. The distribution is surely 0 below
the muons energy, to conserve energy. It is expected to rise in some sense slowly directly above
the muon energy, since it is unlikely that most of the primary energy is converted to the muons
energy. It must have a maximum at some point, and fall of to 0 for primaries many orders of
magnitude above the muon energy. This is due to the fact, that the muon number is expected
to only rise sub-linearly with the primary energy, according to the Heitler-Matthews model

14As seen in the next chapter, a proxy-variables to get a grip on the single-muon spectrum can be generated.
15This is called the response function for a single muon energy in literature [GER16].
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3 The Prompt Muon Flux in Air Shower Simulations

(see Equation (2.6)), but the occurrence of these showers are suppressed with the well-known
power law of at least 𝐸−2.6. In simpler words this means: a primary with the energy 𝐸𝑝 = 104𝐸𝜇
might approximately produce 102 times more muons at the right energy, compared to a shower

with 𝐸𝑝 = 102𝐸𝜇, but it also happens (102)
2.6

≈ 105 times more rarely. This means that most
muons are expected to come from primaries with energies which are not too far above the
muon’s energy. MC simulations show that this is indeed only 0-2 orders of magnitude above
the muons energy, this is later in Figure 3.12. If this is the case, then muons which do not carry
a significant amount of the primary flux, do not contribute much to the overall flux.

To assert the “worst-case-scenario” in the sense of affecting the conventional component of
the muon flux, in this example a weight to each shower is applied, which contains any prompt
muons, no matter how much energy they are carrying 16. This type of weighting can be
seen in the top panel of Figure 3.10. The reweighting of the whole shower only affects the
conventional component very slightly and indeed less than the scaling viaDYNSTACK. This can
be understood with Figure 3.11, where the fraction of conventional muons (above 1 × 105 GeV)
in a shower with any prompt muons is shown. At these muon energies most showers do not
contain more than a handful of muons: the conventional muons are at a sub-promille level in
prompt showers.
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Figure 3.11: The fraction of conventional muons above the muon energy cut of 1 × 105 GeV
in a prompt-tagged shower is binned. Here, a whole shower is tagged as prompt, if it contains
any prompt muon (above 1 × 105 GeV).

This means, the conventional fluxes are not expected to be distorted at any meaningful level, if
the leading muon is used to assign a whole shower as prompt. It must be noted, however, that

16Regard however, that no muons below 1 × 105 GeV exist, since they are cut away by the muon cut setting in
CORSIKA7 for this MC set.
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3.3 Manipulating the Prompt Component

this picture might change, looking at the muon spectrum at very low energies on the order of
GeV. There, muons might accumulate since they cannot have much less energy, otherwise they
would decay, and the degree of distortion of conventional muons might be larger there.

The unchanging conventional flux might also be described as a downside of the reweighting
method. The shower development is changed by the presence of prompt particles and this
effect of a changing shower evolution is not modeled by applying a weight to the shower. The
shower development is not expected to change drastically and indeed, that is why the two
scaling methods in Figure 3.10 look so similar. The differences of the two methods are further
summarized in table 3.2.

The reweighting changes the strength of the overall prompt flux, but does not modify its shape.
It is possible to also modify the shape of the prompt component by introducing an energy
dependent weight 𝑛pr(𝐸𝜇). With a proportionality of e.g. 𝐸−𝛥𝛾, the spectral index could be
changed by 𝛥𝛾. In theory, this shape-changing reweighting has no limits and the whole flux
could completely be reweighted to any given flux-model 𝛷′

pr(𝐸, 𝜃; 𝑝), 17 with arbitrarily many
parameters 𝑝, which all can be fitted to data. It is assumable though, that the flux prediction
from the full MC simulation is one of the most accurate ones available in current theoretical
calculations. MCEq might compete with a full MC calculation, but for example the 𝑍-moment
method assumes heavy simplifications of the cascade equations and internally also rely on
event generators from hadronic interaction models. Thus, complicating the reweighting results
most likely not in more accurate fluxes. It additionally complicates the easy interpretation of
applying a constant weight.

Table 3.2: The difference between the two methods to change the strength of the prompt
component is compared. “DYNSTACK” refers to the method of replacing prompt particles
during the simulation with conventional ones, while “reweighting” refers to the method of
applying a weight to the MC simulation.

Pro Con

DYSNTACK

• Changes shower development • Computationally expensive

• Control the whole decay chain • Correct physics is hard

• Custom code

Reweighting

• Near 0 computation overhead • No changes to shower development

• Taggable prompt component • EHISTORY complications

• Tried and tested software

• Simple and easy interpretation

17The formula for the weight is similar to eq. (3.2), only that 𝛷p is replaced with 𝛷pr.
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3 The Prompt Muon Flux in Air Shower Simulations

3.3.2 Fitting

Applying a weight only to the prompt component of the simulation allows fitting this weight
to data from an air shower experiment. If the best fit value differs significantly from 0, this
means that the prompt component is needed in the MC simulation to explain the data. The
procedure is briefly outline here, and fully applied to IceCube data in the next chapter. The
raw data of the experiment is used to reconstruct one or more variables per event, which
behave differently in the prompt and conventional component, for example the zenith angle
𝜃rec, the leading muon’s energy 𝐸Leading𝜇,rec or seasonality 𝑑 (day of year). While these variables
are responsible for the different behaviour of the prompt component in the first place, also
other variables which correlate to the probability of being prompt can be used, and these ones
might be easier to reconstruct. An obvious candidate for this might be the energy of the whole
muon bundle 𝐸Bundle,rec. Assuming that one target variable is used, this variable is then split
up into 𝑁 bins with edges 𝐸0, 𝐸1, … , 𝐸𝑁 and the counts 𝐶1, … , 𝐶𝑁 in the bins are calculated
for the data. The same thing is done for the MC simulation, only in there, the prompt and
conventional component can be differentiated. Then each bin count contains the sum from
both contributions

𝐶MC
1 = 𝑛pr𝐶

MC,pr
1 + 𝑛conv𝐶

MC,conv
1 , … , 𝐶MC

𝑀 = 𝑛pr𝐶
MC,pr
𝑀 + 𝑛conv𝐶

MC,conv
𝑀 .

Here 𝑛pr is the weight (or 𝑛ormalization) for the prompt contribution, and 𝑛conv is the weight

for the conventional contribution. The expected “bin count” 𝐶MC,pr
𝑀 /𝐶MC,conv

𝑀 in each bin is
calculated by summing the weights from the MC simulation in that bin. The conventional
weight is introduced, so also the conventional component can be fitted, if needed. This might be
necessary to prevent the prompt component of filling up mismatched data/MC normalizations
for the conventional component. For the sake of argument, the conventional normalization is
left at 𝑛conv = 1. The total counts can be thought of as a function of the prompt normalization
𝐶MC
𝑖 = 𝐶MC

𝑖 (𝑛pr). Since this is a counting experiment, a Poisson-distribution is assumed in
each bin, with an expectation value determined by the MC counts

𝑝 (𝐶𝑖) = 𝑝poisson (𝐶𝑖; 𝜆 (𝑛pr) = 𝐶MC
𝑖 (𝑛pr)) =

𝜆 (𝑛pr)
𝐶𝑖 𝑒−𝜆(𝑛pr)

𝐶𝑖!
.

The likelihood of observing the data then is given by

ℒ(𝑛pr) =
𝑀
∏
𝑖=1

𝑝 (𝐶𝑖; 𝑛pr) . (3.3)

This likelihood is then maximized by varying 𝑛pr to obtain the best fit value, or equivalently the
negative logarithmic likelihood is minimized, which is computationally easier

− lnℒ = −
𝑀
∑
𝑖=1

𝐶𝑖 ln 𝜆 (𝑛pr) − 𝜆 (𝑛pr) − ln 𝐶𝑖!. (3.4)
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3.4 Properties of the Prompt Component

Here, only terms including 𝜆 need to calculated for minimization. Then, with the best-fit
value 𝑛̂pr a likelihood-ratio test can be performed. Assuming Wilks’ theorem [Wil38], the test
statistic

𝛬 = −2 ln
ℒ(𝑛pr = 𝑛̂pr)

ℒ (𝑛pr=0)
= −2

𝑀
∑
𝑖=1

𝐶𝑖 (ln 𝜆 (𝑛̂pr) − ln 𝜆 (0)) − (𝜆 (𝑛pr) − 𝜆 (0)) (3.5)

is 𝜒2 distributed with one degree of freedom. The null-hypothesis of 𝑛pr = 0 is rejected with a
given confidence level of 𝛼 based on 𝛬, if 𝛬 > 𝑠 (𝛼) with 𝜒2 (𝑠) = 𝛼.

This weight-fitting is done in the forward-folded space of variables describing the detector
response. There is another possibility of fitting the prompt component using unfolding: the
detector data can be unfolded to obtain a physical flux 𝛷 for high energetic muons (at the
surface). The big advantage of unfolding is the universality of the result: The flux values
obtained by unfolding describe the total muon flux and — amazingly — it does so in a mostly
model independent way. The fit of the prompt component in the unfolded space is performed
very similarly. In either case, in the end the prompt normalization is fitted and can be proven to
significantly differ from 0 this way. For this procedure the prompt tagging is not even necessary,
since only a theoretical model for the prompt flux is needed, which can be tested then. The
tagging provides a theory prediction from a complete MC simulation, and can be tested as one
of the models. An unfolding provides a full high energy muon flux in the end, which contains
the contribution of the prompt part of the flux in a model-independent way.

3.4 Properties of the Prompt Component

While introduced to reweight the prompt component, the tagging of prompt particles can also
be used to investigate the behavior of the prompt component in MC simulation. While the
previous sections already asserted the energy and zenith dependent behaviors expected from
the prompt component (see fig. 3.2), this section goes into further detail.

The spectral index of conventional muons is greater by one compared to prompt muons, thus
prompt muons have on average more energy. While this may seem to imply that prompt
muons also carry a greater fraction of energy from the primary particle than their conventional
counterparts, the opposite is the case. This is shown in Figure 3.12, where the distribution of the
fraction of primary energy for conventional muons is shown in the upper panel and for prompt
muons in the panel below that. The 2D-histogram is normalized along the muon energy bins, so
a column in a panel adds up to one. The blue crosses mark the mean 𝜇 in each column, while the
height of the crosses show the standard deviation of the distribution in the column. The lowest
panel shows the ratio of the means in each muon energy bin. The error bars for the ratio show
the uncertainty on the ratio value, not the uncertainty of the distribution of the ratios, hence
they are smaller compared to the uncertainties in the upper panel. Prompt muons carry on
average somewhere between 35 % to 70 % of the energy of their conventional counterparts. This
contra-intuitive behaviour is understood through simple reasoning: prompt mother particles
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3 The Prompt Muon Flux in Air Shower Simulations

are produced much more rarely than conventional particles, even at high energies, they only
decay earlier. This means that it is more likely that prompt mother particles are created deeper
in the shower, where many more muons have been created already.
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Figure 3.12: The fraction of the primary energy a muon carries is visualized in a 2DHistogram.
It is normalized column-wise, so a column adds up to 1. The events in each column areweighted
with the GSF primary model. The blue crosses show the mean and standard deviation of the
distribution in each column. The top panel contains all prompt muons, the center panel the
conventional muons and the lowest panel shows the ratio of the prompt mean value to the
conventional mean value, where the error bar refers to the standard deviation of the mean
value, not the distribution.

As seen from Equation (2.22) theoretical calculation of lepton fluxes at sea level using the
𝑍-moment method give results for lepton fluxes from each parent particle type 𝐻 in the form
of

𝛷𝜇(𝐸𝜇, 𝜃) = 𝛷p(𝐸𝜇)
𝒜

1 +ℬ
𝐸𝜇
𝜖ℎ
cos 𝜃

. (3.6)

Were 𝛷p is the primary flux at the muon energy and 𝜖ℎ is the critical energy for a given parent
hadron. For prompt particles 𝐸𝜇 ≪ 𝜖ℎ and this results in the known relation 𝛷𝜇 ∝ 𝛷p. For
conventional particles 𝐸𝜇 ≫ 𝜖ℎ and this results in the relation 𝛷𝜇 ∝ 𝛷p/𝐸𝜇/ cos 𝜃. The factors
𝐴 and 𝐵 contain the spectrum weighted 𝑍-moments and are also energy dependent, although
this energy-dependency is not very large compared to 1/𝐸𝜇. This behaviour is approximately
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3.4 Properties of the Prompt Component

asserted in Figure 3.13, where indeed the 1/𝐸 slope of the conventional component can be seen.
The prompt component varies only comparatively little up to 1 × 108 GeV, where the critical
energy of the charmed mesons is expected to be exceeded and thus also the charmed mesons
follow 𝛷p/𝐸𝜇.
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Figure 3.13: The muon flux (weighted using GSF), divided by the flux of the primary particle
at the muon’s energy is binned. The spectrum is divided into the prompt (pr) and conventional
(c) component for 0° and 60°. The approximately flat shape of the prompt component up to
1×108 GeV can be seen, as well as the approximate proportionality to 𝐸−1 for the conventional
component.

To assert that the values shown in Figure 3.13 are consistent with theoretical predictions, the
values given in [GMS15] are translated to the values shown in figure. Comparing Equation (3.6)
in the region below the critical energy with Equation (2.20) and Equation (2.23), it reads

𝛷𝜇
𝛷P

≈ 𝒜 = 𝑍𝐻𝜇
𝑍 𝑑
N𝐻

1 − 𝑍NN
.

Estimating from Figure 9 of [GMS15], the 𝑍N𝐻 ranges between approximately 1.3 × 10−4 to
3.5 × 10−4 for the sum of charmed hadrons 𝐷0, 𝐷+, 𝐷+

𝑠 , 𝛬+
𝑐 . They use the (energy dependent)

𝑍NN values of [Bha+15], which give a value of 𝑍NN = 0.271 at 𝐸 = 1 × 103 GeV and 𝑍NN = 0.231
at 𝐸 = 1 × 108 GeV. As neither [GMS15] nor [Bha+15] provide their calculated values for 𝑍𝐻𝜇
directly, 𝑍𝐷𝜇 ≈ 0.03 is estimated based on Appendix A of [Bug+98], which both papers provide
as a reference. This means an estimate at the lower energy range of

𝒜 = 5.7 × 10−6

and at the higher end of the energy range of

𝒜 = 1.4 × 10−5.
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3 The Prompt Muon Flux in Air Shower Simulations

These are approximately consistent with the flux fraction of the prompt component seen in
Figure 3.13, which is on the order of 10−5.
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Figure 3.14: The GSF-weighted fraction of leading muons per energy bin, divided into prompt
and conventional is shown. For example, a value of 0.9 in one bin means, that 90 % of the
total muon flux in this energy bin is coming from leading muons. A leading muon is the most
energetic muon inside a shower.

As described earlier, the single muon flux usually cannot be resolved by an air shower detector.
What is resolved is for example the muon bundle or the leading muon flux. Most of the single
muon flux in our energy range is coming from leading muons, as shown in Figure 3.14. There
the leading muon flux divided by the total muon flux in each energy bin is shown by the
blue line. Additionally, the leading conventional (prompt) muon flux divided by the total
conventional (prompt) flux is shown in green (orange). The transition of the total flux line
from the conventional to the prompt line indicates the transition from conventional muons
dominating the spectrum to prompt muons dominating.

The reason why prompt muons seem to have a lower probability of being the leading muon is
the same reason why they carry on average less energy of the primary particle: they are on
average produced later in the shower, since prompt parent particles are created more rarely.
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4 Finding the Prompt Component with IceCube

In this chapter the lessons learned from the previous chapter are applied in the context of
IceCube. The goal is to significantly discover the prompt component of the atmospheric muon
flux. In this chapter the prospect of this goal with the 10 years of available IceCube data is
studied using the methods described in the earlier chapter. The whole analysis is still under
development at the time of writing this thesis, so no complete analysis with actual IceCube data
is performed, but everything is based on Monte Carlo (MC) studies.

The MC simulation in IceCube are explained in Section 4.1. The reconstructed variables from the
detector response are introduced in Section 4.2. The prompt tagging and reweighting procedure
described in the previous chapter is applied in Section 4.3.

Additionally the chosen filters are explained in Appendix C.1 and the MC simulation’s validity
is checked against a small “burn-sample” of real data in Appendix C.2.

4.1 Monte Carlo Simulations for IceCube

TheMC sample used in the previous chapter chapter 3 is produced byCORSIKA7 and contained
muons at the ground-level. To describe IceCube’s data from extensive air showers (EASs), this
is only the first step in a chain of simulation softwares. The chain can be outlined as

EAS simulation (CORSIKA7) → Muon propagation (PROPOSAL) →
Photon propagation (SNOWSTORM+CLSIM) →

Detector Response (SNOWSTORM) → “Level1” and “Level2” Filters.

The details of the first step have already been explained in the previous chapter. The propagation
of muons from the surface to the detector and calculation of their energy losses is handled by
PROPOSAL [Koe+13]. CLSIM produces and propagates the Cherenkov photons to the Digital
Optical Module (DOM)s, where the detector response is then simulated. SNOWSTORM handles
systematic uncertainties in IceCube and samples systematic parameters for the ice model as
well as the detector response [IC19]. The “Level1” filters are filters applied to data directly at the
South Pole. The “Level2” filters are filters applied to the data in the North. With the simulation
chain a detector response from the primary particle inducing an EAS is obtained, so its detector
signature can be investigated. The injected CORSIKA7 simulation is listed in Table 4.1.

To verify that the prompt tagging procedure is also working using the IceCube software, a
comparison plot for tagging and MCEq is shown in Figure 4.1 (similar to Figure 3.2). The
difference there is that the IceCube MC simulation samples the whole zenith range from 0° to
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4 Finding the Prompt Component with IceCube

Table 4.1: The dataset used in the IceCube simulation pipeline. The energy interval is divided
into four different disjoint regions so that enough statistic is produced in the high-energy
region, which is especially interesting for this analysis. In each energy region 5 different
primary particles are simulated: H1,He4, N14, Al27, Fe56, with a fraction of 10:5:3:2:1 and a
spectral index of 𝛾 = 2.

𝐸min/GeV 𝐸max/GeV 𝑁

6.0 × 102 1.0 × 106 1.0 × 106

1.0 × 106 1.0 × 108 2.0 × 105

1.0 × 108 1.0 × 109 1.0 × 105

1.0 × 109 5.0 × 1010 1.2 × 103

90°, while in the last chapter only two discrete zenith angles were shown. Thus, the values of
the IceCube MC dataset for the conventional flux lie somewhere between the 0° and above 60°
degree MCEq fluxes.
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Figure 4.1: The tagging procedure applied in the IceCube simulation pipeline before detector
simulation (crosses) compared to MCEq results (lines) is shown. The flux is given at ground-
level and is weighted with the Global Spline Fit (GSF) primary model.

With the prompt tagging, it is testable how events with a prompt leading muon behave and
look in the detector compared to conventional events. A comparison of an event topology
is shown in Figure 4.2. Both the event with a prompt leading muon (left, from hereon called
“prompt events”) and a conventional leading muon (right, “conventional event”) have a large
muon bundle inside the detector, with over 1800 muons, but most of the energy is carried by
the leading muon. Both are high energy events with primaries of a few hundred PeV, which
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4.2 Reconstruction

(a) An event with a leading muon which is prompt. (b) An event with a leading muon which is conventional.

Figure 4.2: Two event displays of two atmospheric-muon events from the MC simulation, of
which one has a prompt leading muon (fig. 4.2a) and the other has a conventional leading
muon (fig. 4.2b). The events are chosen so that they are relatively similar. The prompt event
has a leading muon energy of 1.2 PeV and a bundle energy of 1.6 PeV with a muon multiplicity
of 1812, coming from a primary with an energy of 875 PeV. The conventional event has a
muon energy of 1.05 PeV, a bundle energy of 1.8 PeV with a muon multiplicity of 1880, which
was produced from a primary with energy 379 PeV. The size of a bubble corresponds to the
total charge deposited in the DOM, while the color corresponds to the time the charge was
deposited from early (yellow) to late (orange).

are expected to happen a few times per square kilometer per year. No visible distinction exists
between the event, and this is expected: prompt and conventional muons behave the same
inside the detector. The prompt component can only be discovered by distributions of the
variables in which they differ (energy, zenith, seasonality).

4.2 Reconstruction

In real data the true information about the properties of the EAS are not accessible, they must
be reconstructed. There are a number of different methods in IceCube to reconstruct variables
from events. These include different likelihood-based reconstruction algorithms for energy and
direction. For most of the history of IceCube these likelihood-based algorithms produced the
best results, but recently there has been fast progress in machine learning-based methods in
IceCube. Deep Neural Networks (DNNs) made the 4.5𝜎 discovery of neutrinos from the galactic
plane via cascade events possible [IC23a] and a new Graph Neural Network (GNN) framework
for neutrino telescopes [Søg+23] already reports promising results. The reconstruction methods
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used in this chapter are based on the same DNN software framework used in the galactic plane
analysis [Hue23; IC21]. The exact layouts and training procedure are described in Ref. [Bra23;
Flo23]. The reconstruction DNNs still need further investigation and verification before applying
them in the final analysis. While the reconstructions are improvable for the analysis in the end,
these preliminary reconstructions already show promising results for the analysis. It is expected
that the analysis will not show a big decrease in sensitivity, if conventional reconstruction
methods are used, although further investigation is needed to verify this.

The complete IceCube detector (IC-86) began operations in 2011 [IC17], so at the time of writing
this thesis, 12 years of IceCube data is available. For this reason the event count for 10 years
of data is shown in the following plots, so the order of magnitude of the available data is
comparable to the figures.

When a muon bundle deposits energy in the detector, the natural physical variable to estimate
is the energy of the whole bundle, since it is not easy to disentangle the contribution of a
single muon to the energy losses. A usable distinction between the prompt and conventional
showers in dependence of the bundle energy in Figure 4.3a is seen, although the transition from
conventional to prompt is less pronounced than expected from Figure 2.5. The reason for this is
that the bundle energy correlates with the leading muon energy, but it is smeared out. When
displaying the transition in terms of the leading muon’s energy in Figure 4.3b, the transition is
below 1 PeV, as expected.
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(a) Muon bundle energy
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(b) Leading muon energy

Figure 4.3: The expected event counts for prompt and conventional events with 10 years
of IceCube data assuming the GSF primary model. The 𝑥-axis shows the MC truth values.
The bottom panel shows the ratio of conventional to prompt muons in each bin. Overflow
bins are omitted, so the two distributions do not sum up to the same number of total events,
although the sample is the same.
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To find a reasonable estimator for the leading muon energy is challenging. There are three
available options:

1. Only use single-muon events.

2. Reconstruct the leading muon energy.

3. A combination of 1.& 2.

Since the prompt component becomes relevant at high energies and the muon number in a
shower is proportional to the energy, there is no expectation of single muon events at the
energies interesting in this analysis. Low energy muons stop somewhere in the ice before
reaching the detector. The energy threshold for reaching the detector depends on the amount of
ice over the detector and therefore on the zenith angle. This means that in higher zenith angles,
single muon events are detected up to a higher energy, but the statistics are also decreased,
because of the restricted zenith band. Consider the following events: 100 1TeV compared to 50
1TeV muons with one 50TeV muon. Both have the same energy, but the deposited losses are
expected to be more continuous in the first case, than in the second. Thus, there might be a
mechanism to estimate the leading muon’s energy. The third option is the option best suited
for the final analysis: Produce a selection containing events, with an easily reconstructable
leading muon energy. Such as events where the leading muon carries a significant amount of
the bundle’s energy. A compact comparison of how pronounced the transition of prompt and
conventional muons is, is depicted in Figure 4.4. While a DNN reconstructing the leading muon
energy (second option) is used in this chapter, the reconstruction can not be believed to be good:
Reference [Flo23] shows that the DNN mainly predicts the bundle energy and the predicted
leading energy is just a fraction of this bundle energy. Nonetheless, this highly approximate
reconstruction is enough for the proof-of-concept toy analysis presented in Section 4.3.

The zenith distribution is also expected to differ for prompt and conventional muons, see
Figure 2.6. Figure 4.5 shows the zenith distribution of the events in the MC dataset. The prompt
component is indeed flat, as expected, but the conventional component does not seem to have the
approximate 1/ cos 𝜃 dependency, but also appears flat. The difference to the theoretical zenith
dependency at the surface is the propagation through the ice, this can explain the difference
since in the flat earth approximation muons loose energy with cos 𝜃. But Figure 4.5 only shows
events above 1 PeV, so this effect should not be noticeable except for very high zenith angles.
The energy cut in this plot is at 1 PeV to bring the conventional and the prompt flux down to
the same level.

A bigger insight into these important two analysis variables can be gained when displayed
simultaneously. This is done in a two-dimensional histogram for all muon events in Figure 4.6,
where also the marginalized distributions are shown. Most events in this energy range still
come from conventional muons, so the marginalized zenith distribution for all energies rises
with zenith, as expected. The bins in a column become more uniform for higher energies, as
expected, since the prompt component starts to dominate. The same figure is shown divided
into prompt, conventional and the reconstructed variables in Figure 4.7. The prompt component
(right-hand side) is approximately constant in the zenith distribution over the whole energy
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Figure 4.4: The number of conventional and prompt events expected for 10 years of IceCube-
data. The left panels show the MC truth and the right ones show the reconstruction on the
MC set. In the upper panels the leading muon energy is displayed, while the lower ones show
the bundle energy. For weighting, the GSF model is used. Overflow bins are omitted, thus the
sum of the bins are not equal for each plot, although the same dataset is used.

range, while the zenith distribution for the conventional component (left-hand side) favors high
zenith values. This effect decreases for high energies. The lower panels with the reconstructed
variables show a mismatching behavior especially at the low energy border.

In order to improve the reconstruction of the leading muon’s energy, events where the leading
muon contains a significant amount of the whole bundle energy are favorable to select. Most
high energy events have a muon which carries most of the energy and the distribution, as
depicted in Figure 4.8. The distributions do not differ much for prompt and conventional muons,
so no bias is created, if a leadingness based selection is performed.
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Figure 4.5: The expected prompt and conventional zenith distribution of events with a leading
muon energy above 1 PeV. The bottom panel shows the ratio of prompt to conventional events.
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Figure 4.6: Expected even rates for the two-dimensional histogram using the GSF primary
model. The 𝑥-axis shows the leading muon energy and the 𝑦-axis the zenith angle. The
marginalized distribution over each axis is shown in the histograms.
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Figure 4.7: The expected event rates for 10 years of data are depicted. Each 𝑥-axis shows
the leading muon energy and each 𝑦-axis the zenith angle. The histograms are divided into
conventional (left) and prompt (right) events as well as true MC values (top) and reconstructed
ones (bottom).
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Figure 4.8: The distribution of the leading muon energy fraction is depicted. The dashed
lines show the distribution for prompt leading, while the solid lines show the distribution
for conventional leading muons. The energy cut of 1 × 105 GeV (blue) corresponds to a value
below the crossover point, and the energy cut of 1 × 106 GeV (orange) is above the crossover
point for conventional and prompt events.
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4.3 Analysis

4.3 Analysis

The potential of the proposed method of fitting the prompt normalization 𝑛pr is verified in
this chapter. This is done for a toy MC dataset, which is generated for a detector livetime of
𝑇 = 10 yr. The toy dataset consists of 𝑁 events from the MC set, which are randomly drawn
from the whole MC so that the probability of event 𝑖 being drawn is 𝑤𝑖/∑𝑖 𝑤𝑖. The weight
also contains the prompt normalization 𝑛pr, if the event is tagged as prompt. 𝑁 is drawn from
a Poisson distribution with mean 𝜆 = 𝑇 ∑𝑖 𝑤𝑖. This results in a set of events, which then do
not have associated weights anymore, and may be drawn multiple times. Since the MC set is
focused towards high energies, low energy events are heavily oversampled here. Beyond this
proof-of-concept toy analysis this is something which needs to be improved. This procedure of
drawing pseudo datasets for 10 years is visualized in Figure C.14, for different injected strengths
of the prompt normalization. The expected rate from weighted MC simulation is shown in
addition to the unweighted pseudo data. The goal is, to adjust the prompt weight 𝑛pr of the
weighted MC simulation so that the prompt strength of the (pseudo) dataset is matched (which
is in the toy MC study just the injected strength). Additionally, a weight 𝑛conv is also applied
to the conventional component, which is always injected with 𝑛conv = 1. This prevents the
prompt weight to fit any mismatch in the overall normalization of the conventional component
in the end. This fitting procedure has already been described in greater detail in Section 3.3.2.

For this toy analysis only the reconstructed leading muon energy has been chosen as an
analysis variable. A 2D fit also to the reconstructed zenith has been tested as well, but did not
show any significant improvement, so for the sake of simplicity only the energy is fitted. The
selection is very currently very simple and consists alongside the muon filter only of a cut to
the reconstructed bundle energy requiring 𝐸̂bundle > 100TeV. With these selections around 5.9
million events for 10 years of data with the GSF primary model are expected. The analysis bins
are chosen to be seven logarithmically uniform energy bins from 5TeV to 2000TeV. They are
shown in Figure 4.9, where also the MC expectation for prompt and conventional is shown in
each bin. The blue line shows how the data rate in each bin is affected by the cut on the bundle
energy.

To evaluate the potential significance of the fit, it is performed repeatedly to collect statistics
about the result. In each repetition a new pseudo dataset is sampled and the result of the fits
(𝑛pr,fit, 𝑛conv,fit and the test statistic 𝛬 from Equation (3.5)) are saved. This is referred to as one
trial. The null hypothesis 𝐻0 in this test is that there is no prompt component of atmospheric
muons, so 𝐻0∶ 𝑛pr = 0. Assuming, that the dataset is large enough to assume Wilks’ theorem,
the test statistic 𝛬 is 𝜒2-distributed with as many degrees of freedom (DOF) as the fit contains.
For a fit where only the prompt normalization is fitted, the DOF would be one. Since the
conventional normalization is also fitted, the DOF are higher, but not equal to two, since the
two parameters are correlated through the overall normalization. To assert the applicability
of Wilks’ theorem, 2000 background trials are performed and a 𝜒2 distribution is fitted to the
distribution of 𝛬. This can be seen in Figure 4.10. The DOF are indeed fitted to ca. 1.5. There
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Figure 4.9: The expected distribution of the reconstructed leading energy with 10 years of
data and the cut on the leading muon energy. The binning corresponds to the binning used in
the toy analysis for fitting. It is also divided into the prompt and conventional component
alongside with a sampled pseudo data sample from the MC set.

also the 𝜂 value is given, which is close to 0.5. It is defined as

𝜂 =
𝑁 (𝛬 ≤ 0)

𝑁
.

Here 𝑁 (𝛬 ≤ 0) is the number of trials where the test-statistic is smaller than zero and 𝑁 is the
total number of trials. A trial where the test-statistic is smaller than zero may seem impossible,
since that means that the fitted value 𝑛̂pr is less likely than the null hypothesis. 𝜂 = 0.5 stems
from the fact that 𝑛̂pr is restricted to be non-zero in the fit, since a negative value is not physical.
But 𝑛pr is injected as 0 in the background trials, so the best fit value is expected to fluctuate
symmetrically around 0, so half of the fits should have 𝑛̂pr < 0. This is not allowed, so a positive
value must be fitted which is then less likely than 𝑛pr = 0.

Figure 4.11 shows the distribution of the test statistic for different injected prompt normalizations.
It shows that the distributions deviate more from a 𝜒2 for higher injected normalizations, as
expected. Already at 𝑛pr,inj = 0.03 most of the trials generate a test statistic that deviates more
than 5𝜎 from the mean of the fitted 𝜒2 distribution.

It has to be guaranteed, that for any injected prompt normalization, the fit reproduces the
correct value for the normalization. This is tested in Figure 4.12, where the fitted prompt
normalization in dependence of the injected one is shown for both the fit that only fits the
prompt normalization (left) and the one that also fits the conventional normalization (right).
There seems to be a small bias towards higher fitted prompt normalizations if the injected norm
is smaller than 1 %. The conventional normalization is always correctly fitted no matter what
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Figure 4.10: The distribution of the test statistics for 2000 background (no prompt component)
trials. The test statistics 𝛬 is the logarithmic likelihood ratio of the fit compared to the null-
hypothesis. In the fit the prompt as well as the conventional normalization is fitted, so the fit
has two free parameters, which are, however, not completely uncorrelated. To that distribution
a 𝜒 2 distribution is fitted.

the injected prompt normalization is: The minimum fitted value for all trials across all injected
prompt normalizations is 0.998 and the maximum is 1.001 .

The 5𝜎 discovery potential is defined as the prompt normalization at which 50 % of all trials
result in a test statistic with a significance of 5𝜎 or more. With the expected statistic for 10
years of IceCube data with the GSF primary flux model, the 5𝜎 discovery potential is

𝑛5𝜎pr = (3.24 ± 0.13) %. (4.1)

The sensitivity is defined as the prompt normalization which results in a distribution of test
statistics, where 90 % of all trials result in a test statistic larger than the median of the distribution
of the test statistic under the null hypothesis. With the expected event number for 10 years of
IceCube data with the GSF primary flux model, the sensitivity is

𝑠pr = (0.79 ± 0.03) %. (4.2)

The same toy analysis is performed without fitting the conventional normalization and has very
similar results. For a one-year analysis the 5𝜎 disovery potential is (10.17 ± 0.48) % and the
sensitivity is (2.43±0.09) % , as approximately expected from a quadratic decrease in statistics.
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Figure 4.11: The distribution of the test statistics for different injected prompt normalizations.
The prompt and conventional normalization is fitted. The required test statistic for a 5𝜎
discovery is marked in the plot.
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(a) Without conventional normalization fitted.
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(b) With conventional normalization fitted.

Figure 4.12: The fitted vs. injected prompt normalization, the range of one standard deviation
of all trials is shown around each value. Left the bias for the fit without the conventional
normalization is shown and on the right the conventional normalization is also fitted.
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5 Conclusion and Outlook

This thesis developed a method to distinguish (or tag) conventional and prompt muons in
the extensive air shower (EAS) simulation software CORSIKA7 using its extended history
(EHISTORY) option. An inclusive prompt muon flux calculated from a full Monte Carlo
(MC) EAS simulation is reported. The prompt and conventional fluxes are consistent with
numerical solutions to the cascade equations via MCEq. The influence of different state-of-
the-art Cosmic Ray (CR) flux models on the prompt component is tested. Different definitions
of which particles contribute to the prompt component are compared. This work suggests
to use the simplest definition of the prompt flux: A muon from a pion or kaon decay is
conventional, all others are prompt. The behavior of the prompt component in MC simulations
is analyzed. The investigations show that prompt muons on average carry a smaller fraction
of the primary energy than their conventional counterpart. Furthermore, on average, prompt
muons carry a smaller fraction of the muon bundle energy — they are less “leading”. Alongside
this thesis the open source python package PANAMA was developed [Nes23], which provides
user friendly utilities to work with CORSIKA7. Features of PANAMA include tagging of the
prompt component, loading of the EHISTORY output, weighting and running CORSIKA7 in
parallel.

Using the muons tagged as prompt, their weight in the MC simulation can be fitted to data
from a high energy muon detector in the forward folded space. The tagged fit is proposed
as a method to significantly discover the prompt component. To analyze the prospect of the
suggested prompt analysis, a toy MC study is set up for the IceCube detector. The tagging
is implemented into the IceCube software. The variables in which the prompt component is
expected to differ are most importantly the energy and zenith. Since the zenith distribution
has a less clear separation between the prompt and conventional fluxes, the toy analysis only
uses the energy. While the leading energy shows the clearest transition from conventional to
prompt, the bundle energy also transitions between conventional and prompt. In this toy MC
study, a 5𝜎 discovery potential of (3.24 ± 0.13) % of the prompt flux predicted by the hadronic
interaction model SIBYLL2.3d and a sensitivity of (0.79 ± 0.03) % with 10 years of IceCube
data is expected. While the analysis is at a very early stage, the discovery potential hints towards
a promising analysis.

To finalize the analysis, the used zenith and energy reconstructions need to be verified and
improved. The used simulation dataset is not large enough for an analysis on the final scale.
A large scale simulation matching the statistics of about 10 years of IceCube data needs to be
produced. Finally, systematic uncertainties need to be considered. After the event selection is
finalized, a proper unfolding on the obtained dataset of the high energy muon spectrum can be
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performed. With this model-independent physical spectrum, different theoretical calculations
of the prompt component of the muon flux can be tested.

Measuring the prompt component of the muon flux is also an interesting result for neutrino
astronomy. Every charmed decay into a muon also produces a prompt muon neutrino, which
are a source of background for astrophysical neutrino analyses. Although the proposed analysis
method is worked out for muons and not for neutrinos, the prompt tagging is also possible for
neutrinos. As a matter of fact, the produced MC sample for IceCube already contains tagged
neutrinos. Early work suggests that these prompt neutrino spectra are consistent with MCEq
as well. This analysis will be the kick-off point for a future analysis detecting the prompt
component of the neutrino flux.
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A Derivations

A.1 Derivation of the Lepton Flux Solutions

Consider the equation for the nucleons, which reads

d𝛷N(𝐸, 𝑋)
d𝑋

=

−1/𝛬N

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
(− 1

𝜆N
+
𝑍NN
𝜆N

)𝛷N(𝐸, 𝑋).

It is trivially solved by
𝛷N(𝐸, 𝑋) = 𝛷N(𝐸, 𝑋=0)𝑒−𝑋/𝛬N .

Where the cosmic ray nucleon flux 𝛷N(𝐸) = 𝛷N(𝐸, 𝑋=0) is obtained by a primary flux model
from Section 2.1. The equations for the hadrons are given by

d𝛷𝐻 (𝐸, 𝑋)
d𝑋

= −
⎛
⎜
⎜
⎜
⎝

1/𝛬𝐻

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞1
𝜆𝐻

−
𝑍𝐻𝐻
𝜆𝐻

+ 1
𝑑𝐻

⎞
⎟
⎟
⎟
⎠

𝛷𝐻 (𝐸, 𝑋) +
𝑍N𝐻
𝜆N

𝛷N(𝐸, 𝑋). (A.1)

The density dependency of 𝑑𝐻 from Equation (2.8) has to be regarded, which introduces an
implicit dependency on 𝑋.

For this, the density of earth’s atmosphere at a given slant depth 𝜌(𝑋) must be known. The
relation is obtained from the definition of the slant depth

𝑋 =
∞

∫
𝑙

d𝑙′𝜌 (ℎ(𝑙′)) =
∞

∫
ℎ

dℎ′𝜌 (ℎ′)
d𝑙(ℎ′)
dℎ′

.

The first integral is performed in terms of the length along the shower-axis and the second
integral is performed in terms of the height above earth’s ground ℎ, which is the natural variable
for the density. The relation 𝑙(ℎ) between the height ℎ and the path length 𝑙 is obtained via
simple geometrical consideration, using the triangle shown in Figure 2.4:

𝑙(ℎ) = √(𝑟 + ℎ)2 − 𝑏2 − 𝑎 = √(𝑟 + ℎ)2 − 𝑟2 sin2 𝜃 − 𝑟 cos 𝜃 = (𝑟 + ℎ) cos 𝜃∗ − 𝑟 cos 𝜃.

The height-dependent 𝜃∗ is introduced

𝑟 sin 𝜃 = (𝑟 + ℎ) sin 𝜃∗ ⇔ 𝜃∗(ℎ) = arcsin ( 𝑟
𝑟 + ℎ

sin 𝜃) .
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𝜃∗ and 𝜃 are equal in the flat earth approximation and agree well below 60°. This results in

𝑋 =
∞

∫
ℎ

dℎ′𝜌 (ℎ′) 𝑟 + ℎ′

√(𝑟 + ℎ′)2 − 𝑟2 sin2 𝜃
=

∞

∫
ℎ

dℎ′𝜌 (ℎ′) 1
cos 𝜃∗(ℎ′)

. (A.2)

This integral is not analytically solvable even in the case of a simple isothermal atmosphere,
with an exponential density dependency. In the flat-earth approximation 𝑟 → ∞, the solution
is

𝑋 = 1
cos 𝜃

∞

∫
ℎ

dℎ′𝜌 (ℎ′) =
𝑋𝑣
cos 𝜃

. (A.3)

Restricting the solution to the simplest case of an isothermal atmosphere and making use of
the ideal gas law, the vertical slant-depth 𝑋𝑣 (zenith angle 𝜃 = 0) then has the well-known
exponential form of the barometric formula

𝜌 = 𝜌0𝑒−ℎ/ℎ0 ⇒ 𝑋𝑣 = 𝑋0𝑒−ℎ/ℎ0 .

With typical values of ℎ0 = 𝑅𝑇/𝑀𝑔 = 6.5 km and 𝑋0 = 10 300 kg/m2 [GER16, p. 121]. The
wanted relation between the slant depth and the density is thus

𝜌 = −
d𝑋𝑣
dℎ

=
𝑋𝑣
ℎ0

=

1/𝑓 (𝜃,ℎ)
⏞𝑋𝑣
𝑋

𝑋
ℎ0

.

The Chapman function 𝑓 (𝜃, ℎ)1 is introduced, which encodes the zenith dependency and has no
analytical expression, although many approximations exist [RD]. For low zenith angles and in
the flat earth approximation by comparing it to Equation (A.3) it is just 𝑓 (𝜃) = 1/ cos 𝜃. Often,
an ad-hoc approximation is obtained by ignoring the height dependency of 𝜃∗ in Equation (A.2)
during integration, which results in 𝑓 (𝜃, ℎ) = 1/ cos 𝜃∗.

Equation (2.8) in terms of 𝑋 is now expressible by

𝑑𝐻 =
𝐸𝑋𝜏𝐻

𝑚𝐻𝑐ℎ0𝑓 (𝜃, ℎ)
= 𝐸𝑋

𝑓 (𝜃, ℎ)𝜖𝐻
.

Where the decay constant 𝜖𝐻 = ℎ0𝑚𝐻𝑐/𝜏𝐻2 is introduced. Assuming a typical interaction depth
of 𝑋 = 𝜆𝐻, it marks the energy at which the interaction term 1/𝜆𝐻 starts dominating over the
decay term 1/𝑑𝐻 for a vertical shower. The critical energy is listed for multiple hadrons in
Table 2.1.

Equation (A.1) can be written simply as an inhomogenious linear differential equation of order
one

d𝛷𝐻 (𝐸, 𝑋)
d𝑋

= −( 1
𝛬𝐻

+
𝜖𝐻𝑓 (𝜃, ℎ)

𝐸𝑋
)𝛷𝐻 (𝐸, 𝑋) +

𝑍N𝐻
𝜆N

𝛷N(𝐸)𝑒−𝑋/𝛬N , (A.4)

1It is commonly called so in geo- and atmospheric physics.
2Expanding ℎ0, it is also linear to the absolute temperature of the atmosphere, which gives rise to seasonal variations.

62



A.1 Derivation of the Lepton Flux Solutions

which is solvable by general standard formula with [GER16, p. 124]

𝛷𝐻 (𝐸, 𝑋) = 𝑒−𝑋/𝛬𝐻
𝑍N𝐻
𝜆N

𝛷N(𝐸)
𝑋

∫
0

d𝑋 ′ exp (𝑋 ′ ( 1
𝛬𝐻

− 1
𝛬N

)) (𝑋
′

𝑋
)
𝜖𝐻𝑓 (𝜃,ℎ)/𝐸

. (A.5)

Note, that although the cascade equations were formulated using the 𝑍-moments, that by
defining them energy dependent, no assumptions other than that the 𝑋 and 𝑍 dependency of 𝛷𝑖
factorizes were made, which means that the 𝑍-moments do not depend on 𝑋. It is common in
literature to directly provide approximate solutions to the integral in Equation (A.5) [GER16;
GMS15; Bha+15; Bug+89; TIG96; Bug+98], but it is possible to provide an exact solution by
introducing the incomplete gamma functions

𝛤(𝑠, 𝑥) =
∞

∫
𝑥

d𝑡 𝑡 𝑠−1𝑒−𝑡 and 𝛾 (𝑠, 𝑥) =
𝑥

∫
0

d𝑡 𝑡 𝑠−1𝑒−𝑡.

They are equal to the gamma function 𝛤(𝑠) at their boundaries 𝑥 = 0 (for 𝛤(𝑠, 𝑥)) and 𝑥 = ∞
(for 𝛾 (𝑠, 𝑥)).

With them, the exact solution to Equation (A.5) is written as

𝛷𝐻 (𝐸, 𝑋) = 𝑒−𝑋/𝛬𝐻
𝑍N𝐻
𝜆N

𝛷N(𝐸)
𝑋 ⋅

𝛾( 𝜖𝐻𝑓
𝐸 +1, 𝑋

𝛬N
− 𝑋

𝛬𝐻
)

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
[𝛤 ( 𝜖𝐻𝑓𝐸 + 1) − 𝛤 ( 𝜖𝐻𝑓𝐸 + 1, 𝑋

𝛬N
− 𝑋

𝛬𝐻
)]

( 𝑋
𝛬N

− 𝑋
𝛬𝐻

)
1+𝜖𝐻𝑓 (𝜃,ℎ)/𝐸

. (A.6)

In reality, though, this is nothing but a reformulation, since no analytical form of the gamma
functions exist. The form can be useful nonetheless, since the gamma functions are implemented
in many numerical libraries and are well studied objects. If nothing else, it shows where
the exactness of the solution breaks down exactly: Equation (2.15) can not be written as a
factorization of energy and slant-depth functions, which in turn means that the 𝑍 moments are
𝑋 dependent in the solution and this was ignored when solving the linear differential equation
eq. (A.4). The dependency is only expected to be slight, so the provided solutions are expected to
be almost exact. Forms of the high- and low energy limit are now derived, which are important
to understand the prompt and conventional parts of the lepton spectra.

In the high energy limit 𝐸 ≫ 𝜖𝐻𝑓 (𝜃, ℎ) 3, the argument of the gamma function is 𝑠 = 1 and they
boil down to a simple exponential integration with the solution

𝛷high
𝐻 (𝐸, 𝑋) = 𝛷N(𝐸)

𝑍N𝐻
1 − 𝑍NN

𝛬𝐻
𝛬𝐻 − 𝛬N

(𝑒−𝑋/𝛬𝐻 − 𝑒−𝑋/𝛬N) . (A.7)

3Since the zenith dependency is complicated and only varies a bit more than a factor of 10, usually 𝐸 ≫ 𝜖𝐻 is
enough to specify.
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In the low energy limit 𝐸 ≪ 𝜖𝐻𝑓 (𝜃, ℎ) the first argument of the gamma function is very large,
hence the power law part in the integral appendix A.1 favors higher values of 𝑡. Therefore, the
exponential part in 𝛾 (𝑠, 𝑥) is taken as constant towards the upper end 𝑥, which reduces 𝛾 to a
power law integration. This provides the solution

𝛷low
𝐻 (𝐸, 𝑋) = 𝛷N(𝐸)𝑒−𝑋/𝛬N

𝑍N𝐻
𝜆N

𝑋

1 + 𝜖𝐻𝑓
𝐸

≈ 𝛷N(𝐸)𝑒−𝑋/𝛬𝑁
𝑍N𝐻
𝜆N

𝑑𝐻
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞𝐸𝑋
𝜖𝐻𝑓 (𝜃, ℎ)

. (A.8)

In the last step, lepton fluxes generated by the decaying hadrons are calculated, and only the
source term is included, so the cascade equations eq. (2.13) read

d𝛷𝐿
d𝑋

= ∑
𝐻

𝑍 𝑑
𝐻𝐿
𝑑𝐻

𝛷𝐻 (𝐸, 𝑋).

Since there is no 𝛷𝐿 dependency on the right hand side, the equations can just be integrated.
The integral of the gamma functions does not have any analytical expression, so the low energy
expression eq. (A.8) and the high energy expression eq. (A.7) for each hadron are integrated
separately and the low energy limit is obtained as

𝛷low
𝐿 = 𝛷N(𝐸)

𝑍𝑁𝐻𝑍 𝑑
𝐻𝐿

1 − 𝑍NN
(1 − 𝑒−𝑋/𝛬𝐻) (A.9)

and the high energy limit as

𝛷high
𝐿 = 𝛷N(𝐸)

𝑍𝑁𝐻𝑍 𝑑
𝐻𝐿

1 − 𝑍NN

𝜖𝐻𝑓 (𝜃, ℎ)
𝐸

𝛬𝐻
𝛬𝐻 − 𝛬N

𝑋

∫
0

d𝑋 ′ 1
𝑋 ′ (𝑒

−𝑋 ′/𝛬𝐻 − 𝑒−𝑋
′/𝛬N) . (A.10)

In literature the expressions for high 𝑋 are usually given since 𝑋 ≫ 𝛬𝑖 is a good approximation.
For the case of Equation (A.9) the result is trivially

𝛷low
𝐿 = 𝛷N(𝐸)

𝑍𝑁𝐻𝑍 𝑑
𝐻𝐿

1 − 𝑍NN
. (A.11)

The deviation from the exact solution for 𝐸 = 100GeV and 𝐻 = 𝜋 and at typical vertical 𝑋 at
sealevel from [GER16] is only 0.13 %. But for Equation (A.10) the limit is not that trivial and a
proper derivation is usually skipped in literature but can be found in Appendix A.2, where also
an expression for the exact solution is provided4. The resulting high 𝑋 expression is

𝛷high
𝐿 = 𝛷N(𝐸)

𝑍𝑁𝐻𝑍 𝑑
𝐻𝐿

1 − 𝑍NN

𝜖𝐻𝑓 (𝜃, ℎ)
𝐸

𝛬𝐻
𝛬𝐻 − 𝛬N

ln𝛬𝐻/𝛬N. (A.12)

The deviation to the exact expression here is typically 0.06 %.
4The author could not find the exact solution in literature for comparison.

64



A.2 Derivation of the High Density Integral

A.2 Derivation of the High Density Integral

To derive a high-𝑋 expression for the integral

𝐼 =
𝑋

∫
0

d𝑋 ′ 1
𝑋 ′ (𝑒

−𝑋 ′/𝛬𝐻 − 𝑒−𝑋
′/𝛬𝑁) ,

care has to be taken, since the integrant is not defined at 𝑋 ′ = 0, which makes the evaluation
of the integral non-trivial. The expression needs to be understood as a limit and can then be
rewritten as

𝐼 = lim
𝜀→0

𝑋

∫
𝜀

d𝑋 ′ 1
𝑋 ′ (𝑒

−𝑋 ′/𝛬𝐻 − 𝑒−𝑋
′/𝛬𝑁) = lim

𝜀→0
(

𝑋

∫
𝜀

d𝑋 ′ 1
𝑋 ′ 𝑒

−𝑋 ′/𝛬𝐻 −
𝑋

∫
𝜀

d𝑋 ′ 1
𝑋 ′ 𝑒

−𝑋 ′/𝛬𝑁) .

The splitting of the integral is only possible when leaving the limit outside, since limits (from
the definition of the integral) would be swapped otherwise. To solve that, the new variable
𝑦 = 𝑋 ′/𝛬𝑖 is introduced

𝐼 = lim
𝜀→0

⎛
⎜⎜
⎝

𝑋/𝛬𝐻

∫
𝜀/𝛬𝐻

d𝑦1
𝑦
𝑒−𝑦 −

𝑋/𝛬𝑁

∫
𝜀/𝛬𝑁

d𝑦1
𝑦
𝑒−𝑦

⎞
⎟⎟
⎠

.

At this point it is worth mentioning that each integral does not converge on its own, and the
combined expression one step earlier has no analytical form and on top of that: convergence is
highly unobvious. The non-elementary exponential integral function 𝐸1 is introduced [ASR88,
p. 229], which is defined as

𝐸1(𝑥) ∶= ∫
∞

𝑥
d𝑡 𝑒

−𝑡

𝑡
for 𝑥 > 0

= −𝛾 − ln 𝑥 −
∞
∑
𝑛=1

(−𝑥)𝑛

𝑛𝑛!
= 𝛤(0, 𝑥).

Where 𝛾 is the Euler–Mascheroni constant and 𝛤(𝑠, 𝑥) is the incomplete gamma function, which
was introduced earlier in Section 2.3. The series expansion can be easily derived by writing the
exponential as its Taylor-Series. With an exact solution to 𝐼 can be given

𝐼 = 𝐸1(𝑋/𝛬𝑁)−𝐸1(𝑋/𝛬𝐻)+ lim
𝜀→0

(𝐸1(𝜀/𝛬𝐻) − 𝐸1(𝜀/𝛬𝑁)) = 𝐸1(𝑋/𝛬𝑁)−𝐸1(𝑋/𝛬𝐻)+ ln (
𝛬𝐻
𝛬𝑁

) .

Where the form with the logarithm is obtained by using the series expansion without any
terms from the sum. This solution is exact and the high energy solution for the lepton flux is
therefore

𝛷high
𝐿 = 𝛷𝑁(𝐸)

𝑍𝑁𝐻𝑍 𝑑
𝐻𝐿

1 − 𝑍𝑁𝑁

𝜖𝐻𝑓 (𝜃, ℎ)
𝐸

𝛬ℎ
𝛬ℎ − 𝛬𝑁

(𝐸1(𝑋/𝛬𝑁) − 𝐸1(𝑋/𝛬𝐻) + ln (
𝛬𝐻
𝛬𝑁

)) . (A.13)
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By the definition of the 𝐸1 function it is obvious that it converges to 0 for high 𝑥 values, since
the integration interval goes to 0. The known expression for high 𝑋 is obtained

𝛷high
𝐿 = 𝛷𝑁(𝐸)

𝑍𝑁𝐻𝑍 𝑑
𝐻𝐿

1 − 𝑍𝑁𝑁

𝜖𝐻𝑓 (𝜃, ℎ)
𝐸

𝛬ℎ
𝛬ℎ − 𝛬𝑁

ln (
𝛬𝐻
𝛬𝑁

) . (A.14)
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B Tagging

B.1 CORSIKA7 Steering Card

RUNNR {run_idx} run number
EVTNR {first_event_idx} number of first shower event
NSHOW {n_show} number of showers to generate
PRMPAR {primary} particle type of prim. particle
ESLOPE -1 slope of primary energy spectrum
ERANGE {emin} {emax} energy range of primary particle
THETAP 0. 0. range of zenith angle (degree)
PHIP -180. 180. range of azimuth angle (degree)
SEED {seed_1} 0 0 seed for 1. random sequence
SEED {seed_2} 0 0 seed for 2. random sequence
OBSLEV 110.E2 observation level (in cm)
FIXCHI 0. starting altitude (g/cm**2)
MAGNET 16.811 -51.890 magnetic field at south pole
HADFLG 0 0 0 0 0 2 flags hadr.interact.&fragment.
ECUTS 1.E5 1.E5 1.E20 1.E20 energy cuts for particles
MUADDI T additional info for muons
MUMULT T muon multiple scattering angle
ELMFLG T T em. interaction flags (NKG,EGS)
STEPFC 1.0 mult. scattering step length fact.
RADNKG 200.E2 outer radius NKG lat.dens.distr.
LONGI F 10. F F longit.distr. & step & fit & out
MAXPRT 1 max. number of printed events
DIRECT {dir} output directory
DYNSTACK 10000 size DYNSTACK
DYNSTACK_P 1 1 Parameter DYNSTACK (prompt norm)
USER you user
DEBUG F 6 F 1000000 debug flag and log.unit for out
EXIT terminates input

Listing 1: CORSIKA7 card for the test dataset used in chapter 3. The templates marked with
{...} are replaced accordingly.
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B Tagging

B.2 EHISTORY Output

Some output of CORSIKA7 with the extended history (EHISTORY) option is not fully un-
derstood. The fraction of muons with unreasonable values in specific variables is shown from
Figure B.1 to Figure B.6. Everything is provided as a weighted flux-fraction and a unweighted
muon-number fraction.
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Figure B.1: This shows the Flux fraction of negative hadron generation counter (HGC)
weighted with Global Spline Fit (GSF).
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Figure B.2: Number of muon fraction of negative HGC.

105 106 107 108
𝐸𝜇±/GeV

10−1

100

Fl
ux

Fr
ac
tio

n
𝛷w

r
o
n
g

c
h
a
r
m

H
G
C

𝜇±
/𝛷

a
l
l

𝜇±
/%

𝜃 = 0°
𝜃 = 60°

1
Figure B.3: Energy-dependent flux-fraction of muons with a HGC of less than 30, but with
charmed parent particles weighted with GSF.
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Figure B.4: Energy-dependent number of muons fraction with a HGC of less than 30, but
with charmed parent particles.
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Figure B.5: Energy-dependent flux fraction of muons with muons as parent particles weighted
with GSF.
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Figure B.6: Energy-dependent fraction of muons with muons as parent particles.
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C IceCube Analysis

C.1 Expected Event Rates and Filters

To calculate expected event rates, the weighting described in Chapter 3 has to be modified. The
weighting of the IceCube simulation starts with the weights from Equation (3.2), but event rates
𝑅 = d𝑁/ d𝑡 are now of interest instead of fluxes. The weights 𝑤𝛷 (𝐸) from Equation (3.2) which
result in fluxes 𝛷 = d𝑁/ d𝐴d𝛺d𝐸 d𝑡 need to be multiplied 1 by the area and the solid angle of
the detector, which are zenith-dependent2 𝐴(𝜃), which results in event rates weights

𝑤𝑅 = 𝑤𝛷 ∫d𝛺 𝐴(𝜃) = 𝑤𝛷2𝜋 ∫
𝜃max

𝜃min

d𝜃 𝐴(𝜃) sin 𝜃 = 𝑤𝛷2𝜋 ∫
cos 𝜃min

cos 𝜃max

dcos 𝜃 𝐴(cos 𝜃) ,

where the last representation is chosen since the detector area in dependence of the zenith
angle is parameterized as 𝐴 = ∑𝑖𝐴𝑖 cos (𝜃 − 𝜃𝑖) for many detector geometries, like union of
many planar surfaces or a cylinder. The integral is called the “area sum”. These weights
must be applied so that 𝑛 in Equation (3.2) refers to the number of generated events. Not all
generated events 𝑁gen trigger the detector or pass the filters, this number is generally smaller
𝑁passed < 𝑁gen. To easily estimate the rate of expected events for a certain differential energy
flux, the effective area

𝐴eff (𝐸, 𝜃) =

𝑅
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞d𝑁passed

d𝑡 d𝐸 d𝛺 /

𝛷
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞d𝑁generated

d𝑡 d𝐸 d𝐴 d𝛺

is introduced. By this definition, it is the area a theoretical flux needs to be multiplied with, to
get the expected event rate [GER16]. With Monte Carlo (MC) simulations the effective area can
easily be calculated (possibly restricted to certain energy and zenith bins) by summing the rate
weights for the passed events and dividing by the sum of flux-weights of generated events

𝐴eff (𝐸, 𝜃) =
∑passed 𝑤𝑅

∑generated 𝑤𝛷
∝

𝑁passed (𝐸)
𝑁generated (𝐸) ∫

𝐴(𝜃) d𝛺.

1This can be motivated as follows: With dividing the primary flux by the (extended) PDF of the generation
probability in Equation (3.2), the distribution in energy is accounted for. To also include the distribution in area
and solid angle, which are approximately uniformly distributed, since Cosmic Ray (CR) are isotropic, dividing the
PDF there is the same as multiplying by the normalization constant, which is the integral given in the formula.

2For an approximately spherical symmetric detector like IceCube , otherwise also an azimuth dependency exists.
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Figure C.1: The event rates for prompt and conventional events for the passed muon and
HQ-filter in dependence of the leading muon energy. The events are weighted with the GSF
primary model.

The expected event rates in dependence of the leading muon energy are shown in Figure C.1,
where they are split up into prompt (orange) and conventional (blue) events. Additionally,
the event rates with the applied “muon-filter” and “HQ-filter” are shown. The two filters are
standard filters in the IceCube software for selection of muon or high charge events. The muon
filter selects events based on the charge and the zenith reconstruction. It divides the events into
three reconstructed cos 𝜃 intervals [−1, 0.2), [0.2, 0.5) and [0.5, 1]. In the first interval (below the
horizon to slightly above), the likelihood of the fit is required to be below a certain threshold.
The integrated charge in the other two zenith regions is required to be above a certain threshold,
which increases linearly in each of the regions with a continuous transition. With simpler words:
the more upgoing an event is, the more charge it has to have, and events below the horizon
only require to have a fit with a likelihood below a certain threshold. The HQ filter is simpler
and only requires the total deposited charge to exceed 1000 pe. For a first proof-of-concept data
selection, the muon filter seems to have the right trade-off between reducing the data rate and
keeping almost all prompt events in the interesting transition region above 10TeV. From here
on, every event shown passed the muon filter.

The unweighted composition of the primaries in the MC dataset is shown in Figure C.2. The
expected event rate of conventional muon events without the muon filter is 365.21Hz and the
event rate of prompt muons is 4.23Hz . With the applied muon filter, the event rate is 24.40Hz
for conventional muons and 0.21Hz for prompt ones.

A quantity to estimate the size of the generated MC dataset in terms of “how long would it
take the detector to take data with a similar statistics?” is the effective livetime. The effective
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Figure C.2: The contribution from different primary particles to the MC dataset in the IceCube
simulation which triggered the detector and passed the muon filter.

livetime3 𝑇eff of a MC sample refers to the time the detector needs to take data to collect a
dataset with the same average relative uncertainty. For an unweighted sample with 𝑁 events,
which are assumed to be Poisson distributed, the uncertainty is √𝑁. For a weighted sample

the uncertainty in the event rate 𝑅 is, as described in Section 3.2, 𝛥𝑅 = √∑𝑖 𝑤
2
𝑖 . With that, the

effective livetime is derived:

√𝑁
𝑁

= √𝑅𝑇
𝑅𝑇

!= 𝛥𝑅
𝑅

⇔ 𝑇eff =
𝑅

𝛥𝑅2
=

∑𝑖 𝑤𝑖
∑𝑖 𝑤

2
𝑖
.

The effective lifetime is shown in Figure C.3 for the used dataset after passed muon filters, in
dependence of an energy cut to the leading muon energy. The produced dataset heavily favors,
as wanted and expected, high energy events. Above 10 PeV the statistics is equivalent to more
than 10 years of data. While in the transition region of prompt above 100TeV, the MC data is
only equivalent to a few hours of data-taking. The effect of different primary models is depicted,
although they only differ for very high energies.

The difference of the four state-of-the-art primary models is shown in Figure C.4. To highlight
the distinctness of the four models, Gaisser’s H3a model is chosen as a baseline model and the
ratio of the expected event rate compared to H3a is shown energy-dependently for prompt and
conventional events. GSF produces the highest amount of prompt muons (except for the last
energy bin). And the models are in agreement in the low energy region.

3Note that “livetime” refers to the time in which the detector is “live”, not the time of the detector’s “life”.
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Figure C.3: The effective livetime of the MC dataset, after passed muon filters in dependence
of the chosen energy cut on the true leading muon energy. It can be seen that the simulation
focuses towards higher energies.
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Figure C.4: The difference between the event rates for four different primary models is
depicted. With conventional events shown in the top panel and prompt events shown in the
bottom panel. The 𝑦-axis shows the ratio of the model to the Gaisser H3a model.
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Figure C.5: The bundle-energy dependent event rate for conventional and prompt events,
and how many passed the muon filter. The MC sample is weighted using the GSF model.
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C.2 Data-MC Agreement

A precursor IceCube analysis [IC16], was able to reject the hypothesis of no prompt muons
with a significance of 3.46𝜎 [IC16]. The authors observed a zenith-dependent data/MC mis-
match, stemming from an unknown systematic error, shown in Figure C.6a. Since their result
depends on a fit in two zenith bins, authors report a significance of more than 9𝜎 if the an-
gular correction were not needed. Since the MC simulation in Reference [IC16] used the
SIBYLL2.1 hadronic interaction model [Ahn+09], there is the hope that newer MC simula-
tions describe the muon distribution better and may lower some of the disagreements observed
between data and MC. The angular distribution of muons for example differs greatly between
SIBYLL2.1 and SIBYLL2.3c, as shown for the energy of 10 PeV in Figure C.6b. This
effect is energy-dependent and it is currently unclear if that is the full solution to the zenith
dependent mismatch.

(a) Adapted from Reference [IC16].
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(b) MCEq prediction.

Figure C.6: Figure C.6a shows the zenith dependent data/MC ratio reported by Refer-
ence [IC16]. While the convergence to a value of 1.2 on the right is expected due to the
muon puzzle, the zenith dependence of the mismatch introduces a systematic uncertainty
in analyses. Figure C.6b depicts the zenith dependent ratio of the muon flux from MCEq
produced with the hadronic interaction model SIBYLL2.3c and SIBYLL2.1 at a muon
energy of 10 PeV.

To affirm the correct application of weights to the MC simulation in IceCube, a very small burn
dataset of 8 h (on 2020–06–04) is loaded. Most of the measured events in one run are low energy
atmospheric muon events and this MC set has very low statistics for that region. To bring the
uncertainty for the MC simulation down to a comparable level to the eight hours of data, the
effective livetime is investigated depending on the reconstructed energy compared to the actual
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livetime in the dataset in Figure C.7. In this, besides the effective livetime, also the number of
surviving events after a chosen cut on the reconstructed leading energy are shown. To have the
same average uncertainty, a cut in the region where the effective livetime equals eight hours
needs to be chosen, which is somewhere above 105 GeV. But with this cut only a little more than
100 events survive, so even if the uncertainty is overall on a comparable level than, this would
mean that a binning with very few bins has to be chosen. Thus, a cut one order of magnitude
lower at 10TeV is chosen, where the MC uncertainty equals to less than one hour, but a few
10000 events are left.
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Figure C.7: The effective livetime of the MC dataset and the number of events in the 8 hour
data sample as a function of the chosen energy cut on the reconstructed muon bundle energy.
To make the error bars of the data and MC sets comparable, a cut of approximately 2 × 105 GeV
needs to be chosen. In that case only more than one hundred data events remain, so a cut of
1.00 × 104 GeV is chosen, so the effective lifetime is roughly one order of magnitude below
the livetime of the dataset and thus the error bars are approximately 3 times larger on average
for the MC set, which is still on a comparable level.

In Figure C.8 four different distributions for various variables, which are not reconstruction
related are compared in data and MC for Global Fit GST (GST) and GSF weighting, for the full
dataset without an energy cut. The error bars for the experimental data are way smaller than
for the MC dataset. Consistency between data and MC, in the tolerance of the uncertainties,
although on average the data counts seem to be higher than the MC counts. This is consistent
with the muon puzzle.

Looking at the same variables with the 10TeV cut applied in Figure C.9, the overall agreement
is larger. This can have two possible explanations. Either the observed offset in Figure C.8 are a
statistical fluctuation due to a few low energy MC events with high weights. The other, more
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Figure C.8: The distribution of four different variables to assess Data/MC agreement on the
burn-sample is displayed. Here, no cut on the bundle energy is applied. 𝑄tot is the total charge
deposited in the detector, 𝑧travel is the distance on the 𝑧-axis between the average position of
all Digital Optical Module (DOM)s hit and the first quarter in time of DOMs hit, while the
COG variables refer to the charge-weighted center of gravity of an event.

likely, explanation is that the MC simulation describes the high energy events better than the
low energy events.

While the data/MC agreement on the summary statistics asserted, that the weighting is produc-
ing the correct expected results, the data/MC agreement on reconstructed variables are of special
interest, since these are the variables which will be used in the analysis. Also, their calculation
is more complicated and especially for the chosen deep learning based reconstruction, it is
not possible to easily assess which input features produce which outcome. The bundle energy
seems to be reconstructed with approximately the same distribution on MC and experimental
data in Figure C.10. There the GSF model seems to produce visibly better agreement for high
energies than the GST model. As expected, the leading muon energy is harder to reconstruct,
and a large disagreement in the high energy region for this variable in Figure C.11 is seen.

As explained at the beginning of this section, especially the zenith dependent data/MCmismatch
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Figure C.9: The distribution of four different variables to assess Data/MC agreement on the
burn-sample is shown. Here, a cut on the bundle energy of 1.00 × 104 GeV is applied, which
allows the MC set to have error bars on the same order of magnitude. 𝑄tot is the total charge
deposited in the detector, 𝑧travel is the distance on the 𝑧-axis between the average position of
all DOMs hit and the first quarter in time of DOMs hit, while the COG variables refer to the
charge-weighted center of gravity of an event.

is of interest. Figure C.12 shows the zenith distribution for the whole dataset. It is not unlike
Figure C.6a, where a constant offset for low zenith values (high cos 𝜃) is seen, and the offset
shifts towards the horizon. When applying the energy cut at 10TeV, the agreement gets better.
This is shown in Figure C.13.
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Figure C.10: Muon bundle energy dependent Data/MC comparison on the burn sample.
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Figure C.11: Leading muon energy dependent Data/MC comparison on the burn sample.
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Figure C.12: The zenith distribution of the burn data and MC sample is binned. The lower
panel shows the ratio of data and MC. Here no energy cut is applied, so the MC set has low
statistics in the low energy region compared to the data. The burn sample corresponds to one
run of data-taking, which is approximately 8 hours.
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Figure C.13: Data/MC comparison of the zenith distribution after applying an energy cut of
1.00 × 104 GeV is depicted. The burn sample was recorded in 8 hours.
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C.3 Sampling

The sampling of a toy MC set with different injected prompt normalizations is shown in
Figure C.14.
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Figure C.14: The expected baseline MC distribution of the leading muon energy for 10 years
of data, along with multiple pseudo data sets, sampled from the MC set with different strengths
for the prompt component.
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Glossary

CERN is the organisation that operates the largest particle physics laboratory in the world in
Geneva on the France-Switzerland border. It operates the Large Hadron Collider (LHC),
the most energetic particle accelerator in the world. They also invented the World Wide
Web, let us thank them for that. 1

CMB cosmic microwave background. 7, 85

COM center of mass. 4, 31

CORSIKA7 is a Monte Carlo air shower simulation software written in Fortran77. Origi-
nally developed in the ’80s for the KASCADE detector, it is now the de facto standard of
air shower simulation software. (Acronym: COsmic Ray SImulations for KAscade). iii, 2,
21–30, 33–38, 40, 47, 59, 67, 68

CORSIKA8 is a complete re-write of CORSIKA7 in C++. It is currently in early development
and is expected to be released as a first public beta version later in 2023. Compared to its
predecessor it will provide, among other enhancements, more flexibility and improved
maintainability as well as a modern interface. 24, 30, 31

CR Cosmic Ray. 1, 3–7, 9, 17, 25, 26, 29, 31, 36, 38, 59, 72

DNN Deep Neural Network. 49–51

DOF degrees of freedom. 55

DOM Digital Optical Module. 2, 47, 49, 79, 80

EAS extensive air shower. 1–3, 8, 10–12, 18, 21, 24, 25, 29, 31, 38, 39, 47, 49, 59

EHISTORY extended history. 22–24, 26–30, 37, 41, 59, 68

EM electromagentic. 26, 27

GNN Graph Neural Network. 49

GSF Global Spline Fit. 4, 6, 7, 28, 33, 35, 36, 38, 44–46, 48, 50, 52, 53, 55, 57, 68–70, 73, 74, 76, 78,
79

GST Global Fit GST. 36, 78, 79
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Glossary

GZK The Greisen-Zatsepin-Kuz’min cutoff is the hypothetical limit to the energy of cosmic
rays at around 50 PeV due to the interaction with photons from the cosmic microwave
background (CMB). 7

HGC The Hadron Generation Counter tracks the number of hadronic interactions and decays
in CORSIKA7. 22–24, 27, 68–70

IceCube is a km3-sized observatory located in the glacier ice at the South Pole. It is the largest
neutrino and muon-detector build to date . iii, 1, 2, 17, 22, 26, 39, 42, 47–50, 52, 57, 59, 60,
72–74, 77, 93

LHC Large Hadron Collider. 1, 29, 84

MC Monte Carlo. 2, 3, 8, 10, 18, 21, 22, 24, 25, 27, 29, 30, 32, 37–43, 47–52, 54–56, 59, 60, 72–83

MCEq is a python package that numerically solves the cascade equations to obtain e.g. Lepton
fluxes from a given primary flux. (Acronym: MatrixCascadeEquations). iii, 11, 18–20,
22–25, 27–30, 32–37, 41, 47, 48, 59, 60, 77

PANAMA is an open source python package to facilitate the usage of CORSIKA7 [Nes23]. It
allows to run CORSIKA7 on multiple cores, read the output into PANDAS’ dataframes
(using pycorsikaio[Lin23]), apply weighting to the simulation for multiple primary
fluxes and parse the output of CORSIKA’s EHIST option. (Acronym: PANdas And
Multi-Core Utils for CORSIKA7). iii, 22, 26, 35, 59

pid particle ID. 22–24

QCD Quantum Chromo Dynamics. 11, 31, 32

SNR supernova remnant. 4, 6
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